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Abstract

On Periodic Tilings with Regular Polygons
by José Ezequiel Soto Sánchez

Periodic tilings of regular polygons have been present in history
for a very long time: squares and triangles tessellate the plane in a
known simple way, tiles and mosaics surround us, hexagons appear
in honeycombs and graphene structures. The oldest registry of a
systematic study of tilings of the plane with regular polygons is
Kepler’s book Harmonices Mundi, published 400 years ago.
In this thesis, we describe a simple integer-based representation
for periodic tilings of regular polygons using complex numbers. This
representation allowed us to acquire geometrical models from two
large collections of images – which constituted the state of the art in
the subject –, to synthesize new images of the tilings at any scale with
arbitrary precision, and to recognize symmetries and classify each
tiling in its wallpaper group as well as in its n-uniform k-Archimedean
class.
In this work, we solve the age old problem of characterizing
all triangle and square tilings (Sommerville, 1905), and we set the
foundations for the enumeration of all periodic tilings with regular
polygons. An algebraic structure for families of triangle-square tilings
arises from their representation via equivalence with edge-labeled
hexagonal graphs. The set of tilings whose edge-labeled hexagonal
dual graph is embedded in the same flat torus is closed by positiveinteger linear combinations. We compute Hilbert basis for families of
tilings in each topological setting. The bases provide the enumeration
of the infinite families of tilings spanned by them. Since tilings of
triangles and squares contain all other tilings by regular polygons
(with exactly one exception), we set the grounds for the enumeration
of all periodic tilings with regular polygons. We use generators in the
bases to create a sample set of more than 100 million triangle-square
tilings, and we describe their general properties and some asymptotic
behaviors. Additionally, we show an interpretation of the algebraic
structure of triangle-square tilings as origami foldings.
Keywords: tilings, regular polygon, enumeration, symmetry, computer graphics
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Preface

Symmetry is ubiquitous in the Natural world. It occurs in all scales, from particle physics to chemistry and cosmology. Mathematics describing symmetry
in its various forms is therefore essential for our understanding of nature. 1

Periodic tilings of regular polygons have been studied for a long time:
Archimedes explored uniform tilings of the plane and of the sphere,
formulating the famous Archimedean solids. The first attempt at a
systematic study of tilings of the plane with regular polygons appears
in Kepler’s book Harmonices Mundi published 400 years ago (Figure 1).
Squares and triangles tessellate the plane in a known simple way, tiles
and mosaics surround us throughout history, and hexagons appear
in honeycombs and graphene structures. Although there is much
literature on tilings, and knowledge around the subject has evolved
in many ways in mathematics, it is still a very active area of research.

Ranscombe, Peter. Geometry: a secret
weapon in the fight against viruses. The
Lancet Infectious Diseases, 15(7):773,
2015
URL
https://doi.org/10.1016/

1

s1473-3099(15)00106-1

Figure 1: Tilings with regular polygons
in Harmonices Mundi, Johannes Kepler,
1619 [47].

I have dedicated my research efforts specifically to periodic tilings
of the plane with regular polygons and advanced the state of the art
in the matter. I describe a novel way to represent periodic tilings
of the plane with regular polygons using complex numbers and use
our representation for acquiring and modeling existing collections of
tilings. I also show the equivalence of a dense version of the tilings
with a geometrically constrained graph combinatorial description,
which allows the development of an algebraic structure to describe
all periodic triangle-square tilings. From this algebraic structure,
enumeration and generation strategies are derived.
ix
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Motivation
Solid things in nature are frequently built by blocks: atoms gather
together to form crystals (Figure 2), cells join tightly to create all sorts
of tissues (Figure 3), bees and wasps build tight clusters for their
hives (Figure 4) – some of the many natural structures from which
humans have learned their ways of building.
Figure 2: Atomic resolution STEMHAADF image of SrTiO3. Brighter
atoms are Sr and darker ones are Ti. By
Materialist, CC BY-SA 3.0

Figure 3: Chloroplasts in leaf cells of the
moss Mnium stellare. By Thomas Geier,
CC BY-SA 3.0
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Block building took on monumental proportions in many different
human cultures around the world. Tightly arranged stones support
and ornament antique pyramids and temples, many still standing today. We still construct and embellish our buildings with clay, concrete,
wood, plastic or metal blocks and plates; which are tiled, stacked, and
arranged in many different ways.
Ornaments have contained symmetries and patterns since early humans developed them. Weaved baskets and clothing, present at least
from the Palaeolithic, are good examples (Figure 5). These cultural developments are considered part of the history of mathematics [90, 91]
and, to present day, offer evidence of culturally situated mathematical
knowledge from an ethnomathematics perspective [1, 12, 30, 61].
The block building strategy is used in ornamentation in the form
of tilings and tessellations2 . Antique temples and buildings display
colorful and intricate designs, carefully assembled with small pieces
by skilled artisans.
One confirms the timeless human interest in tilings with their ubiquity: from the ancient Sumerian mosaics of Uruk IV (Figure 6, around
3000 BC) and Egyptian ornamentation, passing by the Roman style
mosaics (Figure 7) and the Mesoamerican Zapotec friezes (Figure 8
and 9), we get to the staggering complexity of the Islamic geometric
patterns (Figure 10 and 11), and even to present-day home mosaics,
where common square and rectangular shaped tiles are no longer the
only options (Figure 12).

Figure 4: Apis florea nest closeup. By
Sean Hoyland, Public Domain.

Figure 5: Seri basket (haat hanóohcö). By
Steve Marlett, CC BY-SA 3.0

2
Tessellation derives from Latin tessera
(plural: tesserae, diminutive tessella):
an individual tile, usually formed in the
shape of a cube, used in creating a mosaic.
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Figure 6: Mosaics from the Stone-Cone
Temple in the Eanna District of Uruk IV
(around 3000 BC), on display at the Pergamon Museum in Berlin, Germany. By
BrokenSphere / Wikimedia Commons.

Figure 7: An ancient roman geometric mosaic from the "Palazzo Massimo
alle Terme" National Roman Museum
of Rome, Italy. By M. Bellaccini / CC
BY-SA 4.0

Figure 8: Ornamental tilings in the archaeological site of Mitla, Zapotec culture, Oaxaca, México. By J. Ezequiel
Soto S.

Figure 9: Ornamental tilings in the archaeological site of Mitla, Zapotec culture, Oaxaca, México. By J. Ezequiel
Soto S.
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Figure 10: Zellige tessellation work in
the Alhambra (Figure 13), with classic
motif colours of the 14th century. By
Patrick Gruban, CC BY-SA 2.0

Figure 11: Zellige work in a fountain in
El Hedim Square (1672-1674), Meknès,
Morocco. By Fabos, Public Domain.

xiv

Figure 12: Ceramic tiles in a construction store, Rio de Janeiro, Brazil. By J.
Ezequiel Soto S.
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Islamic art took the complexity and diversity of geometric patterns
further than any other culture. We can speculate that this is due to the
religious ban on representing living things, their known mathematical
and scientific development, and the time span of almost eight centuries of dominance of the continent and evolving sciences and arts.
Nevertheless, their geometric patterns are dazzling, and exemplars
of their art spread all the way from Spain and North Africa to the
Middle East.
Islamic art has been studied and cataloged by many historians
and artists [89], and a lot of work has been done trying to unveil its
mathematical principles and properties [12]. The work of M.C. Escher
(1898–1972) was profoundly influenced by his visit to the Alhambra 3
in the early 1920s. His notebooks contain copies of some of Alhambra
tessellations (Figure 14) and his fascination for symmetry and tilings
was declared by himself as a mania:

I have often wondered at my own mania of making periodic drawings.
What can be the reason of my being alone in this field? Why do none
of my fellow-artists seem to be fascinated as I am by the interlocking
shapes? – M.C.Escher apud. [51]

3
Alhambra is one of the main monuments of the Islamic rule over the
Iberian Peninsula. The compound of
palaces, gardens and fortress, located in
Granada, Spain, is a World Heritage Site
visited by millions every year.

Figure 13: Alhambra in the evening. By
Jebulon, Public Domain.

Escher already had a taste for science and his own research on
tessellations (Figure 15) brought him to crystallography, symmetry,
and group theory. His legacy is remarkable and highly esteemed
by many mathematicians; it includes 137 regular divisions of space
among many other fascinating artworks [79].
Tilings and tessellations form a vast and aesthetically appealing
area of intersection between art and mathematics, one in which this
work was born and to which it contributes.

Figure 14: Escher’s drawings in his notebook while visiting Alhambra. [79]
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Figure 15: Escher’s explorations involving plane symmetry groups. [79]

How the journey started
During the Mathematics Festival, organized by IMPA in April 2017,
I was conducting a workshop on tessellations and mandalas, which
included an introduction to Escher’s work and plane symmetries. I
met Asla Medeiros E Sá in the next corridor, where she was taking
care of her university stand. The timing was perfect: at the time, she
and her father, Ricardo Sá, were finishing their book Sobre Malhas
Arquimedianas [75], a crafted collection of tilings.
Our collaboration started with some discussions about the content
of the book, trying to understand the symmetries in the patterns,
and how to present them in the book. This also motivated some
research ideas about Archimedean tilings: How many are there? Is
there some way to automatically generate and classify them? Can
they be characterized by some general rules?
In January 2018, a seminar was held at IMPA to present the book
Sobre Malhas Arquimedianas [75] and I was invited to talk about my
experience with my workshop at the Festival. Luiz Henrique de
Figueiredo was present and he had some ideas for the research Asla
and I were trying to start. After some talks, a formal PhD research
project started with Luiz Henrique as my advisor and Asla as a
co-advisor.
The first results of this research have been presented in conferences
and published. We presented the first results in the paper Synthesizing periodic tilings of regular polygons [73] at the 31st Conference on
Graphics, Patterns and Images (SIBGRAPI 2018). We presented the
work: Acquiring periodic tilings of regular polygons from images [83] at
Computer Graphics International 2019; it was published in The Visual
Computer Journal.
Tim Weyrich joined the project after Asla visited him in the UK
in 2019. He developed a computer search of triangle and square
tilings based on our previous work. I spent three weeks visiting him
at University College London discussing his work and symmetry
classification.

Archimedean Tilings are periodic tessellations composed by regular polygons only, like the cover image, reproduced in Figure 16. Also known
as n-Uniform, Demi-regular or Semiregular, more on this on Chapter 1.
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Figure 16: Archimedean mesh crafted by
Ricardo Sá [75] – Cover image.

Contributions of this thesis
The results of the research project are presented in Chapters 2, 3 and 4
of this thesis. We devised a simple integer-based representation for
periodic tilings of regular polygons using complex numbers. This
representation allowed us to acquire geometrical models from two
large collections of images – which constituted the state of the art in
the subject –, to synthesize new images of the tilings at any scale with
arbitrary precision, and to recognize symmetries and classify each
tiling in its wallpaper group as well as in its n-uniform k-Archimedean
class.
Chapter 5 of this thesis focuses on a generation and enumeration
strategy for tilings with regular polygons. The old problem of characterizing all triangle-square tilings is solved [18, 82] via equivalence of
a tiling with an edge-labeled hexagonal graph (Figure 17). Defining
a restricted dual for triangle-square tilings and its associated edgelabeled hexagonal graph, a geometrically restricted combinatorial
formulation is derived: each tiling is equivalent to a valid labeling of
its dual hexagonal graph, which is embedded in a flat torus. This representation allows the definition of families of triangle-square tilings
by the topology of their dual hexagonal graph. Each family has an
algebraic structure: tilings can be combined in positive-integer linear
combinations to form new tilings. A Hilbert basis is obtained for
each family. Enumeration is derived from this basis. Finally, I use
some of the generators to create a sample set of more than 100 million
triangle-square tilings and describe some general characteristics. This
result sets the foundations for the enumeration of all periodic tilings
with regular polygons, since triangle-square tilings contain all the
others, given a natural notion of density.

Figure 17: A triangle-square tiling and
its edge-labeled dual hexagonal graph.
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Describing the journey
Chapter 1 contains the mathematical background on tilings and tessellations. We establish the main definitions and known results in the
area and delimit the problem that we are going to tackle: tiling the
plane periodically with regular polygons.
Chapter 2 describes in great detail a novel representation for periodic tilings of the plane by regular polygons. This representation
was introduced in two papers [73, 83], but not discussed in depth.
We show that the tilings can be characterized as projections of cosets
of lattices in Z4 using complex numbers. We will show an abstract
representation and a concrete computational framework for this representation. The final section discusses the representation properties
using the guidelines proposed by Requicha [71] for representation
schemes. We discuss our representation in the light of each of these
properties and how it can be achieved by our representation.
The following chapters are applications of our representation to
some of the problems related to tilings of regular polygons. Chapter 3
describes the acquisition of computational representations for state-ofthe-art collections of tilings, which previously only existed as images.
In Chapter 4 we discuss the k-Archimedean n-uniform classification
of tilings through the automatic identification of its plane symmetry
group, one of the 17 wallpaper groups. This chapter is related with
Chapter 1, where symmetry groups are presented with greater detail.
In Chapter 5 we define the notion of dense tilings, formed by triangles and squares only, which contain all tilings by regular polygons
after refinement. Exploiting the topology of their dual we derive the
equivalence of a triangle-square tiling with an edge-labeled hexagonal
graph over the torus. This representation allows us to define families
of triangle-square tilings and find a set of minimal generators that
give the family an algebraic structure. This offers a characterization
of all triangle-square tilings. We show some experimental results of
using this approach to generate tilings and some geometric insight
on their algebraic structure.
In Chapter 6 we point to some immediate applications in art, design
and education, some of them being developed by us already. We also
state some research questions that remain open after this work.
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1

Tilings and Tessellations

The terms tiling and tessellation are synonyms. While tiling is the
common term used in mathematics literature and tessellation is more
common in art disciplines, they are equivalent and interchangeable.
Intuitively, a tiling1 consists of a set of shapes, called tiles, that covers
a given surface, without gaps or overlaps, a kind of a jigsaw puzzle
(Figure 1.1). The classical mathematical questions in the subject
are about the number and the shapes of the tiles, as well as the
transformation and matching rules for these shapes.
Among many other references, the following three vastly cover
the main branches of mathematics in which this thesis is located.
Grunbaum & Shephard [35] wrote the seminal book on tilings and
patterns. Kaplan [44] wrote a very useful review on the subject in
the light of computer graphics, bringing up many specific considerations. Liu et al. [57] take us deeper into symmetry in their survey on
computational symmetry for computer graphics. We do not intend to
compete with them in presenting the fundamentals of these subjects.
In this chapter, we recall the main definitions and state the main
results that allow us to build our proposal and refer the reader to the
books above for a more in-depth view on these matters.

1

Tessellation, mosaic, paving [34].

Figure 1.1: Example of a tiling.

1.1 Symmetry of plane patterns
Nature and human culture are full of periodic and symmetric patterns,
from the atomic structure of crystals to building and city designs
[12, 20, 91, 90]. Tilings of the plane are, in a general way, patterns.
Understanding the underlying symmetric structure of plane patterns
is a fundamental aspect in the study of tilings.
Ornaments have lots of symmetry, as one may observe. Artisans
along history have crafted plane periodic patterns in (almost) all
possible ways.2 Symmetry came to the attention of science when
crystallographers started modeling crystals by the behavior of atoms
joining to form them.3 Along the 19th century, extensive theoretical
background in this area came to light in the work of crystallographers,
mathematicians, and physicists.
An isometry is an operation that preserves distances. The isometries
of the Euclidean plane – also called rigid motions – are the basis for
defining symmetry. We are interested in the ways the isometries can
form groups over the plane with certain properties.

2

There is an active debate about which
symmetry groups are actually present
in Alhambra [10, 11, 33].
3
See Moeck [59] for a crystallographic
history of symmetry.

1
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Let us consider the following basic isometries in the Euclidean
plane, illustrated in Figure 1.2: identity, translations, rotations, reflections, and glide reflections (a translation composed with a reflection).

Figure 1.2: The fundamental isometries
of the plane.

These operations can be combined by composition, an associative
binary operator. Each of these operations has an inverse of the same
kind: reflections are their own inverse, a rotation by an angle α is
undone by a rotation with the same center with angle −α or 2π − α,
the inverse of a translation by a vector v is the translation by −v,
which also applies to glide reflections.
Identity, translation, rotation, reflection, and glide reflection are
called fundamental isometries because they span the group4 of all
plane isometries. This is known as the Fundamental Theorem of
Isometries. The set of all isometries in the plane is infinite. Each real
number α ∈ [0, 2π ) defines a rotation. Each line in the plane defines a
reflection, and so on. Isometries allow us to classify geometric shapes
that look the same up to a rigid motion, the congruence relation. We
say that two geometric objects or subsets of the plane are congruent if
there is an isometry of the plane sending one object to the other. It is
through the isometries that the notion of symmetry is defined.
We say that an object A is symmetric with respect to an isometry σ
when A = σ( A), this is, A is invariant under the isometry σ. We also
say that σ is a symmetry of A. Note that the identity transformation
is an isometry of the plane and so is a symmetry of every object.
The symmetries of a given object form a group, its symmetry group.
Two symmetry groups G and H are equivalent if there is an affine
transformation5 A such that AσA−1 ∈ H, for each symmetry σ ∈ G,
and vice-versa.
We are interested in discrete groups of isometries and the kind of
structures these groups generate on the plane. A set of points of the
plane is discrete when r > 0 exists such that d( p, q) > r for every pair
of distinct points p and q in the set; equivalently, the set has no limit
or accumulation points [44]. The set of images of a point in the plane
under an isometry is called an orbit. A discrete symmetry group is one
for which the orbits of all points in the plane are discrete.

A group is a pair (G , ·), consisting of a
set G and an associative binary operation (·) defined in G that has the following properties:
4

Closure: a · b ∈ G for any a, b ∈ G .

Associativity: ( a · b) · c = a · (b · c) for all
a, b, c ∈ G .

Identity: there is an element e ∈ G ,
called the identity, such that a · e =
e · a = a.
Inverse: for all a ∈ G , there is b = a−1
in G such that a · a−1 = a−1 · a = e.

An affine transformation is any transformation that preserves co-linearity and
ratios of distances.
5
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Discrete groups in the plane are well understood; literature about
them is abundant [20, 35, 44]. However, since the results were
achieved historically by very different approaches, there are a few
distinct notations for representing them. John H. Conway R.I.P., introduced the orbifold notation for representing symmetry groups in
two-dimensional spaces of constant curvature [20, 21, 22]. Orbifold
signatures are compact symbols that fully encode the properties of
the symmetry group. Besides the orbifold notation, we use the classic
crystallographic notation6 , credited to Hermann and Mauguin, who
introduced and refined it in 1928 and 1931, respectively. Its symbols
are also very informative and have been widely used in literature.
Other notations have been proposed by Coxeter, Schönflies, Polya &
Guggenhein, Speiser & Nigle, and Fejes Toth & Caldwell, but we are
not going to discuss them.
There are three kinds of symmetry groups in the plane according
to the number of translations they have:

3

6

Also called international notation,
adopted by the International Union of
Crystallography (IUCr) in the International Tables For Crystallography since
its first edition in 1935.

1. Groups including rotations and reflections, but not translations.
Such groups have an integer number of orbits n for each point in
the plane – except the center of rotation, which is a singularity.
Groups with only rotations are called n-cyclic groups, while groups
including reflections are called n-dihedral groups. Some examples
of these kind of groups are shown in Figure 1.3.
In orbifold notation, n-cyclic groups are denoted as n•, while ndihedral groups are denoted ∗n•, where the ∗ symbol represents
a reflection. In crystallographic notation these are Cn and Dn ,
respectively.

Figure 1.3: Examples of shapes in the
plane with cyclic and dihedral symmetry groups.

4
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2. Groups having only one family of collinear translations have orbits
that repeat infinitely along that one direction in the form of stripes.
These are called frieze groups, because the objects over them form
frieze patterns. There are exactly seven such groups, which are
shown in Figure 1.4. The symbols indicate translation (1 : ∞)7 ,
reflection (m : ∗), glide reflection (a : ×), and 2-fold rotation (2).
3. The remaining groups should have linearly independent sets of
translations. The orbits of such groups fill the plane forming
symmetric repeating patterns given any shape, and the converse
is also true, the symmetries of any repetitive pattern on the plane
correspond to one of these groups. These are the 17 plane symmetry
groups, also called wallpaper groups, illustrated in Figure 1.5.8
The existence of exactly 17 wallpaper groups was proved independently by Fedorov in 1891 [27] and Pólya in 1924 [68]. Conway
et al. [20, 21, 22] brought a novel view of the groups when they
introduced the orbifold notation. The result became known as the
Magic Theorem. The symbols indicate translation (1 : ◦), reflection
(m : ∗), glide reflection (g : ×), and n-fold rotation (n ∈ {2, 3, 4, 6}).
In the orbifold notation, ◦ is called a wonder, which topologically
represents a torus, and × is called a miracle, which represents a
topological crosscap.

7
The ∞ in the orbifold notation indicates infinite rotational symmetry
around a line in 3-space, which is a subgroup of symmetries with only one independent translation. This is the reason
this group is associated with the frieze
group.

8
An important result is that p1 is a subgroup of all symmetry groups. We will
use this fact in our representations of
tilings.

Figure 1.4: Examples for each frieze symmetry group.

tilings and tessellations
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Figure 1.5: Examples of all 17 plane symmetry groups.
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1.2 Tilings of the plane
To start, we want our tiles to be manageable in a geometric sense.
Thus, we suppose they are closed and simply connected sets: topologically equivalent to a closed disc. We also assume that they are
uniformly bounded: there exist r > 0 and R > 0 such that every tile
contains the disc of radius r and is contained in the disc of radius R.
Since the tiles are closed sets, we allow them to overlap only at their
borders, otherwise they don’t cover the entire plane.
A tiling is a decomposition of the plane by a set of tiles such that:
a) Each tile is a closed set, topologically equivalent to a closed disc.
b) Every point of the plane is contained in a tile.
c) The interiors of the tiles are disjoint.
d) The tiles are uniformly bounded.
By this definition we can imagine many free-form tiles, arranged
in many different ways, so let us make some additional assumptions
over the tilings we are interested in.
We will consider our tilings to be polygonal (all tiles are polygons)
and edge-to-edge, that is, every edge of a tile is an edge of exactly one
other tile, and when two tiles intersect, they do it either on one edge
or a vertex, otherwise they are disjoint (Figure 1.6).
Figure 1.6: Examples of polygonal
tilings: in the left an edge-to-edge tiling,
on the right a non edge-to-edge tiling.

Even though one could insert vertices at the intersections of edges
with edge endpoints, these would not be proper vertices of the polygons and generate parallel edges, which are not desirable.
In any application of tilings we would like to have a finite set of
tiles so that we can represent the tiling in the computer. Congruent
tiles are considered to be the same.
A tiling is k-hedral if the tile set has exactly k congruence classes of
tiles. The unique tiles in this set are called prototiles. When k = 1, the
tiling is said to be monohedral. When k = 2, it is called a di-hedral tiling.
Given a set P of prototiles, if there is a tiling formed by congruent
copies of its members, we say that this tiling is admitted by P .

tilings and tessellations

The cardinality of a set of prototiles must not be confused with the
k-hedral class of a tiling admitted by it, since there is no condition for
the use of all the members of the set. Given a set of shapes, it is not
always possible to determine with full generality whether there is a
tiling admitted by this set [45].9
A tiling is said to be periodic when there are two linearly independent translations for which the tiling is invariant. The two translation
vectors form a translation lattice, a discrete additive group of R2 . In
any position, this lattice forms a grid of parallelograms. Each cell
in the grid contains all the information of the tiling (Figure 1.7). An
immediate consequence of the periodicity of a tiling is that their symmetries must belong to one of the 17 wallpaper groups presented
above, since every repetitive pattern in the plane belongs to one of
these groups [20].
A tiling that is not periodic is called aperiodic. Aperiodic tilings are
fascinating [6, 80]. We mention two famous examples: the Penrose
tiling (Figure 1.8) and the Ammann–Beenker tiling (Figure 1.9), aperiodic tilings with uncommon 5-fold and 8-fold symmetry, respectively.
The history of the Amman-Binker tiling is one of an unusual and
inspiring contribution to mathematics. This tiling has a quasicrystal
structure [6].

7

This is called The Tiling Problem and is
a famous example of undecidable problem.

9

Figure 1.7: Example of a periodic tiling
and its translation lattice.

Figure 1.8: A Penrose tiling (P3) using
thick and thin rhombi. Public domain.

Since periodicity is a fundamental property for the tilings we study
here, from now on, whenever one reads the word tiling, it always
refers to a periodic one, unless the contrary is explicit.

8
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Tilings remain a very active field of study, with many open problems. In 2017, Rao [70] answered the long-standing question of how
many different convex pentagons tile the plane with the aid of the
computer. Just a few months ago, the Notices of the AMS published
Zong’s review of Rao’s result and other recent dramatic progresses10
from recent years about the types of convex domains that tile the
plane [96].

10

In his own words.

Figure 1.9: Ammann–Beenker tiling,
Tilings Encyclopedia [26], CC BY-NC-SA
2.0.
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1.3 Periodic tilings with regular polygons
Pythagoras formalized the arrangement of regular polygons into regular solids and Archimedes generalized these to some quasi-regular
solids, today known as the Archimedean solids. Kepler continued the
work on the solids and, 400 years ago, was the first to try to systematize the regular tilings (tessellations) of the plane (Figure 1.10).
Figure 1.10: Tilings of regular polygons
in Harmonices Mundi, Johannes Kepler,
1619.

Archimedean tilings are edge-to-edge tilings with regular polygons.
The possible tilings are governed by an equation about the internal
angles of the n polygons that share that vertex, which must cover all
the space around that vertex. If the polygons sharing a vertex have
k i sides each (i = 1, . . . , n), then, by the sum of the internal angles of
a regular polygon, we have
n

( k i − 2)
π = 2π.
ki
i =1

∑

This equation has 17 integer solutions (Table 1.1), which turn
into 21 after considering their circular orderings. Order matters when
we interpret the solution in a geometric sense [34, 82], because they
correspond to the order the polygons are arranged around the vertex.
However, only 15 configurations correspond to vertices that can form
tilings, the ones showed in Figure 1.12. The remaining solutions work
locally but create unfeasible arrangements in neighboring vertices.
Only 11 types of vertices tile uniformly, forming the known Archimedean tilings, shown in Figure 1.13. The other 4 types cannot form
tilings on their own, only when combined with other types of vertices.
The 11 Archimedean tilings were already documented by Kepler in
1619 and later by Sommerville in 1906 [82], according to Ouyang et
al. [64].

Figure 1.11: Harmonices Mundi [The Harmony of the World], Johannes Kepler,
1619.
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Number of sides (k i )

Polygons

n=3

n=4

n=5

3
3
3
3
3
4
4
4
5
6
3
3
3
4
3
3
3

7
8
9
10
12
5
6
8
5
6
3
3
4
4
3
3
3

42
24
18
15
12
20
12
8
10
6
4
6
4
4
3
3
3

12
6
6
4
4
3
3

4
6
3

3

Geometric
solutions
–
–
–
–
G
–
H
J
–
K
L, M
Q, R
N, P
S
T, U
V
W

Some literature considers the tilings K, S and W as the only regular
tilings, because they are the only ones with just one type of polygon.
The other 8 tilings, consisting of one type of vertex and more than
one type of polygon, have been called demi-regular or semi-regular
tilings [5, 24, 31, 34, 93]. However, there is no consensus about these
definitions, as discussed by Aslaksen [5].
We are not going to try to settle this dispute of terms, but rather
choose the one more often used in the literature and consistent with
our own view of tilings with regular polygons: the one based on
vertex types. A periodic tiling with regular polygons is n-uniform if it
contains n classes of transitively equivalent vertices, and k-Archimedean
if these vertices belong to k Archimedean classes, the ones listed in
Table 1.1 and Figure 1.12.
In 1905, Sommerville [82] analyzed combinations of Archimedean
vertices. In 1968, Krötenheerdt found the twenty 2-uniform tilings,
which are the ones that have two classes of vertices [35, 86]. More
comprehensive approaches to the study of periodic tilings of the
plane with regular polygons were made by Chavey in three stages
[17, 16, 18]. In his second work, he discusses classifications by vertex
and edge classes of equivalence of some high-order tilings [16].
Galebach [28] investigated high-order n-uniform, k-Archimedean
tilings in 2002. The result is a collection of images in his website:
probabilitysports.com/tilings.html. The number of tilings found
by him for classes up to 6-uniform 6-Archimedean tilings, plus the
7-uniform 7-Archimedean class of tilings, are cited in The On-Line
Encyclopedia of Integer Sequences (OEIS) [81] (Table 1.2). However,
he has not yet published any methodological or theoretical discussion
of his findings.

Table 1.1: Solutions to the Archimedean
vertex equation. Geometric solutions are
illustrated in Figure 1.12.
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n=3

3
12

12

8
4
G
(3 · 122 )

n=4

L
(32 · 4 · 12)

3

6

3
3
Q
(32 · 62 )
3

n=5

4

3

3
6

6
3
R
(3 · 6 · 3 · 6)

T
(33 · 42 )

4

3

3
4

4

M
(3 · 4 · 3 · 12)

6

4

3

K
(63 )

4

4

3

4

6

J
(4 · 82 )

12
3

6

4

H
(4 · 6 · 12)

3

12

6

8

6

3

U
(32 · 4 · 3 · 4)

6

3
N
(3 · 42 · 6)

4

4

4

4
n=6

3
6

3
V
(34 · 6)

4

P
(3 · 4 · 6 · 4)

S
(44 )

3
3

3

6

4

3
3

3
3
W
(36 )

3
3

Figure 1.12: Archimedean vertices.

Lengrenn [53] made the most recent survey on periodic tilings with
regular polygons in 2009, gathering the existing references and trying
to order the information available at the time. Recent work on tilings
with regular polygons include Chavey’s dodecagon dense tilings [18],
Akiyama’s corona limits [4], Connelly’s circle packings [19], Peng
et al. hybrid meshes for surfaces [66], and Kormos et al. synthesis of
molecular arrangements [49].
The subject has gotten constant attention in mathematics education
and communication through time [29, 31], since it is easy to enunciate
the most simple problems, such as the vertices solutions, and the
results are visually appealing.
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n-uniform

In art and design, Critchlow [24] included the demi-regular tilings
in his design source book. Recently, Hofmann [41] made his own
approach to the construction of Archimedean tilings using the dual.
His approach disregards periodicity and other formal considerations,
hence, the results are very general.
Sá & Sá [75] published a crafted collection of tilings with regular
polygons. Their work is linked to the start of this research project [73].
We acquired their collection for this work using an integer-based
compact representation [83]; see Chapter 3 for more details.
Our work focuses on this specific subject: periodic tilings with
regular polygons. The representation we present in Chapter 2 allows
us to model the tilings, including the full Galebach collection [28],
as we show in Chapter 3. In Chapter 4 we describe a method to
automatically find the symmetries of a tiling and classify it in its
n-uniform k-Archimedean class.
Every question mark in Table 1.2 is an open problem, and we are
building our path towards solving some of them. In Chapter 5 we set
the foundations for the enumeration of all periodic tilings with regular
polygons. We characterize all periodic tilings with triangles and
squares by showing the algebraic structure of well-defined families of
tilings and their basis.

1
2
3
4
5
6
7
8
9
10
11
12
13
14
> 14

1
11
0
0
0
0
0
0
0
0
0
0
0
0
0
0

2
–
20
22
33
74
100
?
?
?
?
?
?
?
?
?

3
–
–
39
85
149
284
?
?
?
?
?
?
?
?
?

4
–
–
–
33
94
187
?
?
?
?
?
?
?
?
?

5
–
–
–
–
15
92
?
?
?
?
?
?
?
?
?

6
–
–
–
–
–
10
?
?
?
?
?
?
?
?
?

k-Archimedean
7
8
9
–
–
–
–
–
–
–
–
–
–
–
–
–
–
–
–
–
–
7
–
–
20
0
–
?
8
0
?
27
0
?
?
1
?
?
?
?
?
?
?
?
?
?
?
?

10
–
–
–
–
–
–
–
–
–
0
0
?
?
?
?

11
–
–
–
–
–
–
–
–
–
–
0
?
?
?
?

12
–
–
–
–
–
–
–
–
–
–
–
0
?
?
?

13
–
–
–
–
–
–
–
–
–
–
–
–
0
?
?

14
–
–
–
–
–
–
–
–
–
–
–
–
–
0
?

Total
11
20
61
151
332
673
?
?
?
?
?
?
?
?
?

Table 1.2: n-uniform k-Archimedean
tilings [28, 81].
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Figure 1.13: The eleven 1-uniform
Archimedean tilings.

2

Integer Lattice Representation

We conceptualized the periodic tilings of the plane with regular
polygons at the end of Chapter 1. Now it is time to describe a
concrete representation for these tilings. To make the representation
concrete we need to give coordinates to the vertices of the tilings. In
principle, we could simply use Cartesian coordinates. However, the
Cartesian coordinates of the vertices in a tiling are rarely exact rational
numbers.1 We seek a numerically exact representation. We shall see
presently how to give integer coordinates to all vertices, how to build
a symbol encoding all the information necessary to recreate a tiling,
and discuss the applications and properties of our representation.

1

The only exception is the square tiling
shown as 44 in Figure 1.13.

2.1 Translation cells
As discussed in Chapter 1, every tiling is a plane periodic pattern,
and so, regardless of its symmetry group, it is invariant under the
translation group (◦ : p1). Therefore, there are two linearly independent translation vectors t1 and t2 such that the tiling is invariant
under every integer linear combination of t1 and t2 .2 This creates a
parallelogram grid of identical regions of the plane, a translation grid.
The basic translation cell is defined as the translation cell of the lattice
referent to the origin, this is, the region of the plane that contains
the origin, delimited by the parallelogram formed by the convex
combinations of the translation vectors. Then, the basic translation
cell for the translation grid is

2

These vectors are not unique, as we
discuss in Section 2.6. For now, we don’t
even require that they are minimal.

T0,0 = {λ1 t1 + λ2 t2 | λ1 , λ2 ∈ [0, 1)}.
Every point q in the plane is equivalent under translations to a
point p in the basic translation cell, this is q = p + n1 t1 + n2 t2 with
n1 , n2 ∈ Z. In algebraic terms p and q are in the same coset of the
translation lattice Zt1 + Zt2 , a discrete additive group of R2 . Note
that the fundamental domain is half open, avoiding duplication of
points in half the border.
Since the basic cell is bounded, we can represent the tiling by a
finite set of points, the vertices inside it. If the translation vectors are
minimal, the parallelogram is a fundamental domain of the translation
lattice. No two points in the fundamental domain are equivalent, so
there is exactly one representative of each class of equivalence of
vertices by the translation group.
15
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The vertices inside the basic cell are called seeds. The seeds allow
us to reproduce the whole tiling in any region of the plane by simple
translation operations, which is very convenient for computational
applications.
Figure 2.1: Fundamental domain over
translation lattice. Its equivalence with
a flat torus is shown by the topology
annotation.

t2
t1

The Euclidean plane modulo the equivalence of the translation
lattice is topologically equivalent to a flat torus. Thus, a fundamental
domain can be modeled as a flat torus, with opposite sides identified
and preserving the metric of the plane, as it is illustrated in Figure 2.1.

2.2 Basic directions
Our approach to representing periodic tilings of the plane with regular polygons is to think of them as regular systems of points, in
the sense of Hilbert and Cohn-Vossen [40]. Since all the faces are
regular polygons with unit side length (without loss of generality),
neighboring vertices are at distance 1 from each other, and edges and
faces can be all deduced from the vertices, as we will explain.
The first important fact is that only 14 of the 15 Archimedean vertices can be combined together in higher-order tilings. The J Archimedean vertex type (42 · 8), which is the only one that includes octagons,
cannot be combined with any other type. For this reason we disregard
this vertex type.
A tiling combining the other 14 vertices will have 3, 4, 6, or 12 sided
regular polygons only. This way, all the edges are aligned with one
of twelve distinct directions with respect to each other, those of the
regular dodecagon of unit side. Without loss of generality, assuming
one of the edges is horizontal, we can then represent these directions
using the 12th complex root of the unit.
2πi
Let ω be the principal 12th root of the unit: ω = e 12 ∈ C. Then,
the relative position of a vertex with respect to any other vertex can
be represented by
k

ω =e

2πi k
12

, for some k ∈ {0, 1, . . . , 11} (Figure 2.2).

These directions represent every edge of the polygons in the tiling,
as it is illustrated in Figure 2.3. Let us focus on a vertex v of the

ω4

ω3

ω2

ω5

ω1

ω6

ω0

ω7

ω 11
ω8

ω9

ω 10

Figure 2.2: Basic directions represented
as powers of the principal 12-th complex
root of the unity ω.
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polygon forming an edge in the direction ω k with another vertex.
Then, the adjacent edge of the polygon in v is ω k± j , being j = 6 − 12/m
for a polygon with m sides. This is j = 2 when the polygon is an
equilateral triangle, j = 3 for a square, j = 4 for a regular hexagon,
and j = 5 for a regular dodecagon. Note that ω k± j = ω k± j mod 12 .
This fact will be useful when computing polygonal faces.
Figure 2.3: Basic directions identified in
an example tiling.

While ω k represents an edge and the position of an adjacent vertex
with respect to another given vertex, concatenation of these steps can
span positions of farther vertices in the tiling. Since we can always
find a path through the edges of the tiling from one vertex to each
other, we can represent the position of a vertex with respect to another
one with a polynomial in ω, as illustrated in Figure 2.4, where:
V − O = ω + ω 10 + ω 11 + ω 0 + ω + ω 2 + ω 3

= ω 11 + ω 10 + ω 3 + ω 2 + 2ω + 1.

Figure 2.4: Position of vertex V with
respect to O as a polynomial in ω.

When the path connects a vertex to one of its nearest translation
equivalent vertices, the path represents a translation vector of the
tiling. Then, translation vectors can also be represented as polynomi-
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als in ω, as illustrated in Figure 2.5, where:
T = ω + ω 3 + ω 2 + ω 3 + ω 2 + ω + ω 11

= ω 11 + 2ω 3 + 2ω 2 + 2ω.
Figure 2.5: Translation vector T as a
polynomial in ω.

2.3 Integer quadruplets
Vertices and translation vectors can both be represented as integer
polynomials of ω, denoted Z [ω ]. We may observe, from the illustrated examples, that the paths chosen to reach the vertices are not
unique: several polynomials represent the same vertex. However,

polynomials in ω can be reduced mod ω 4 − ω 2 + 1 , which is the
minimal polynomial of ω.3
If two polynomials p(ω ) and q(ω ) represent the same point, then
p(ω ) − q(ω ) would be a path that takes the origin to itself. Then
p(ω ) − q(ω ) = 0, which means that the minimal polynomial in ω
divides p(ω ) − q(ω ). Therefore p(ω ) and q(ω ) reduce to the same
cubic expression.
Thus, the set of all polynomials in ω with integer coefficients can
be reduced to the set of polynomials in ω with integer coefficients of
degree up to 3. This reduction provides unique polynomial labels for
each vertex, at most cubic, in the form a0 ω 0 + a1 ω 1 + a2 ω 2 + a3 ω 3 .
The coefficients of this reduced polynomial are used as coordinates,
which gives us a unique 4-integer representation for every vertex in
the tiling. In particular,

ω0 = 1

= [1, 0, 0, 0] ,

1

ω =ω

= [0, 1, 0, 0] ,

2

2

3

3

ω =ω
ω =ω

= [0, 0, 1, 0] ,
= [0, 0, 0, 1] ,

ω 4 = −1 + ω 2
5

ω = −ω + ω

3

= [−1, 0, 1, 0] ,
= [0, −1, 0, 1] ,

ω 6 = −1

= [−1, 0, 0, 0] ,

7

ω = −ω
8

2

9

3

ω = −ω

ω = −ω

= [0, −1, 0, 0] ,

= [0, 0, −1, 0] ,

ω 10 = 1 − ω 2

ω

11

= ω−ω

3

= [0, 0, 0, −1] ,

= [1, 0, −1, 0] ,

= [0, 1, 0, −1].

This means we have a basis to represent every vertex in the tiling
and both translation vectors with integer coefficients. The lattice

z4 − z2 + 1 is the 12-th cyclotomic polynomial: the unique irreducible polynomial with integer coefficients that divides z12 − 1 but not zk − 1 for k < 12.
It is also the monic polynomial with integer coefficients of least degree having
ω as a root.
3
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generated by the polynomials in ω is denoted
Z [ω ] = Z1 + Zω + Zω 2 + Zω 3 .
Thus, the vertices of the tilings are plane projections of elements
of a 4-dimensional integer lattice4 , and from now on we will refer to
vertices and vectors by their unique representation in Z [ω ]:

[ a0 , a1 , a2 , a3 ] ,

ai ∈ Z,

which corresponds to a0 1 + a1 ω + a2 ω 2 + a3 ω 3 in the tiling. We call
this 4-tuple the lattice coordinates of a point.
Taking the paths showed as examples in the last section and reducing their polynomials, we obtain the lattice coordinates for the vertex
in Figure 2.4:
V − O = ω 11 + ω 10 + ω 3 + ω 2 + 2ω + 1 = 2 + 3ω = [2, 3, 0, 0],
and also for the translation in Figure 2.5:
T = ω 11 + 2ω 3 + 2ω 2 + 2ω = 3ω + 2ω 2 + ω 3 = [0, 3, 2, 1].
The mapping from Z [ω ] to the plane is defined in the natural
way, interpreting each ω k ∈ C as an Euclidean point whose ( x, y)
coordinates are the real and imaginary part, respectively, thus:





 
2πk
2πk
ω k 7→ Re(ω k ), Im(ω k ) = cos
, sin
∈ R2 .
12
12
Then, the mapping Z [ω ] → R2 is given by:


 
1
1
0
√
ω
 3/2 1/2 

 

√
 = W.
 2 → 
3
1
ω 
 /2
/2
0
1
ω3

This way, to obtain the plane coordinates of an element in Z [ω ],
we right-multiply its lattice coordinates a = [ a0 , a1 , a2 , a3 ] ∈ Z4 by
matrix W, obtaining the corresponding point aW ∈ R2 .
The key idea for representing tilings is that all we need to fully
characterize and reproduce a tiling are the pair of translation vectors
and the vertices inside the basic translation cell. Thus, a tiling is
represented as a matrix of (2 + n) × 4 integers in the ω-basis representation, where n is the number of vertices in the basic translation
cell, the seeds.
It is important to note that not every element in Z [ω ] is a vertex
of a tiling, because the vertices form a discrete subset of the plane,
whereas Z [ω ] is dense in C ∼
= R2 . The vertices of a tiling form
a discrete set of cosets of the translation lattice. The seeds are the
representatives of these cosets.
Following, some examples of tilings with regular polygons and
their integer lattice representation as a (2 + n) × 4 matrix. The first
two rows of the matrix represent the translation vectors that define
the grid. In Figure 2.6 and Figure 2.7, we show a pair of tilings and
their representation.

4

In classic lattice theory, the notation for
this is Λ(1, ω, ω 2 , ω 3 ).
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3
0
0
1
1
0
2
1
2
1
0
2
2
1
1
0
1
2
3
2
3

1
1
0
0
0
0
0
0
1
1
1
1
1
1
1
1
1
1
1
1
1

−3
3
0
0
0
2
−1
1
−2
0
2
−1
−1
1
1
3
2
1
−1
1
0

Figure 2.6: Example of a tiling and its
representation.
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2
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0
0
0
0
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1
1
1
1
2
2
2
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1
3
0
1
1
2
2
2
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2
0
0
0
1
1
1
2
1
1
1
1
0
1
1
1


2
−2

0


0

0

0

1


1

1

0

0

−1


−1

−1

0
0

Figure 2.7: Example of a tiling and its
representation.
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2.4 Isometries in lattice coordinates
Since Z [ω ] is isomorphic to the additive group Z4 , we can operate
algebraically on lattice coordinates with addition and multiplication
by integer scalar in the usual way of a linear space:

[ a0 , a1 , a2 , a3 ] + [b0 , b1 , b2 , b3 ] = [ a0 + b0 , a1 + b1 , a2 + b2 , a3 + b3 ] ,
k [ a0 , a1 , a2 , a3 ] = [ka0 , ka1 , ka2 , ka3 ] .
Isometries of the Euclidean plane play an important role in understanding tilings. They are useful in detecting symmetry and in
computing equivalences, among other operations. We shall now give
the explicit form they take in our representation.
Translation. Translations are obtained by simple addition in lattice
coordinates. More precisely, given a translation vector t = [t0 , t1 , t2 , t3 ],
the translation of a vertex v = [v0 , v1 , v2 , v3 ] is given by
v + t = [ v0 + t0 , v1 + t1 , v2 + t2 , v3 + t3 ]
Rotation. Rotations are given by multiplication in C. Since our edges
are always aligned with the basic directions, we are only interested
in rotations of multiples of π/6 (30◦ ). This means we only consider
multiplications by powers of ω, which are, of course, iterated multiplications by ω. This way, rotation by ω in lattice coordinates is:

 

ω a0 + a1 ω + a2 ω 2 + a3 ω 3 = a0 ω + a1 ω 2 + a2 ω 3 + a3 ω 4


= − a3 + a0 ω + ( a1 + a3 ) ω 2 + a2 ω 3 ,

where we have replaced ω 4 by −1 + ω 2 . Thus, in lattice coordinates
Rω ( a) = [− a3 , a0 , a1 + a3 , a2 ], or in matrix form:


0 1 0 0
 0 0 1 0


Rω ( a) = aR = a 
.
 0 0 0 1
−1 0 1 0
Rotations by ω k are given by the powers of matrix R directly, Rω k ( a) =
aRk or, in the opposite direction, by its inverse: aR−k . The rotation
of a point p ∈ Z [ω ] by ω k around vertex v is given by a conjugation
with the translation of v to the origin: ( p − v)Rk + v.

Reflection. The two basic reflections are M0 across the horizontal
line, and M1/2 across the bisector of 1 and ω, the line with 15 degree
slope through the origin. All other reflections in Z [ω ] can be reduced
to one of these two by rotations.
The reflection M0 across the horizontal line has the following effect
on the basis:
 

 

1
1
1
ω

 

  M0 ω 11  ω − ω 3 
 2  −−→  10  = 
.
ω 
ω   1 − ω 2 
ω3
ω9
−ω3
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Thus, in lattice coordinates we have

M0 ([ a0 , a1 , a2 , a3 ]) = [ a0 + a2 , a1 , − a2 , a1 − a3 ] ,
or in matrix form:


1
0

M0 ( a ) = a M0 = a 
1
0

0
1
0
0

0
0
−1
0


0
1

.
0
−1

The reflection M1/2 across the 15-degree line has the following
effect on the basis:

1
ω M
1/2
 
 2  −−−→
ω 
ω3


 

ω
ω
 1   1 
 


 11  = 
.
ω  ω − ω 3 
ω 10
1 − ω2


Thus, in lattice coordinates we have

M1/2 ([ a0 , a1 , a2 , a3 ]) = [ a1 + a3 , a0 + a2 , − a3 , − a2 ] ,
or in matrix form:

M1/2 ( a) = aM1/2



0
1

= a
0
1

1
0
1
0

0
0
0
−1


0
0

 = a M0 R.
−1
0

A reflection of a point p ∈ Z [ω ] across the ω k direction through
a vertex v reduces to the horizontal reflection through the origin by
conjugation:

( p − v)Mk + v = ( p − v)R−k M0 Rk + v.
A reflection of a point p ∈ Z [ω ] across the bisector of ω k and ω k+1
through a vertex v reduces to the M1/2 reflection by conjugation:

( p − v)Mk+1/2 + v = ( p − v)R−k M0 Rk+1 + v.

2.5 Geometry in lattice coordinates
Besides the isometries, the matrix multiplication mapping from Z [ω ]
to R2 allows us to define some Euclidean metric operations that can
be applied in a compact way over the lattice coordinates.
Let ( x a , y a ) = aW be the Euclidean coordinates of an element in
Z [ω ] with lattice coordinates a. We maintain the row-vector result
from the multiplication by matrix W to avoid overloading the notation
with transposition. With this in mind, let us analyze the main metric
operations in the plane:
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Dot product. The dot product between two row vectors is simply the
multiplication of the first by the second transposed, this way, the dot
product in lattice coordinates is given by:

( x a , y a ) · ( xb , yb ) = aW · (bW ) T = aWW T b T = aQb T


√
3/2
1/2
0
1
√
√3/2
3/2
1/2 
1


√
√
Q=
.
3/2
3
 1/2
1
/2
√
1/2
3/2
0
1

Since matrix W has rank 2, matrix Q is singular. Q’s null-space
√
√
is generated by {( 3, −2, 0, 1), (1, − 3, 1, 0)}. This has no effect on
the direct use of the dot product directly in Z [ω ] points, since all the
vectors are in the integers, but impedes the use of some geometric
dot-product applications, such as projection.
Norm. The expression of the norm in lattice coordinates is derived
directly from the dot product:

(xa , ya )

2

= aQa T .

Area. The area of a parallelogram given by two vectors in R2 is
the absolute value of the determinant of the matrix containing the
coordinates of the two vectors. When the vectors are in Z [ω ], the area
can be computed directly from their lattice coordinates. Let vi = ai W,
for i = 1, 2, and O a rotation by −π/2 in the Euclidean plane, which
generates an orthogonal vector, then:
!
v
v1y
v1
= 1x
det
v2x v2y
v2

= v1x v2y − v1y v2x

= (v1x , v1y )(v2y , −v2x ) T
!
0 1
(v2x , v2y ) T
= (v1x , v1y )
−1 0

= a1 W O W T a2T

√
1/2
3/2
0
 −1/2
1
0
/
2

= a1  √
− 3/2 −1/2
0
√
−1
− 3/2 −1/2
= a1 Q⊥ a2T .


1
3/2
 T
a
1/2  2
0

√

Anti-symmetric matrix Q⊥ has the same null space as Q, and the
area of the translation cell given by vectors a1 and a2 is given by the
absolute value of the determinant5
A( a1 , a2 ) = | a1 Q⊥ a2T |.
These are the more general geometric operations in Z [ω ]. Their
representation in lattice coordinates, and, whenever possible, as matrix multiplications, translates into ease of implementation in computer code.

5

The resulting
area is a number of the
√
form | a + b 3/2|, a unique
√ representation up to sign because 3 is irrational.
This fact will be useful in the future.
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2.6 Translation lattices
Lattices have several representations, for example, in Figure 2.8 we see
the underlying lattice for a tiling and several other valid translation
lattices for the same tiling. Blue- and orange-colored lattices are
equivalent; however, they are not minimal, while red, purple and
green lattices are equivalent to the main lattice, the gray grid. Any of
these could be used as translations of the tiling, just by updating the
coordinates of the seeds, generating new symbols for the same tiling.
Figure 2.8: Equivalent lattices over a
tiling.

Let t1 , t2 ∈ R2 be a pair of linearly independent vectors for a
translational lattice over Z [ω ], then ti = [ ai1 , ai2 , ai3 , ai4 ] W, and the
translation vectors can be written in a 2 × 2 matrix T = AW:
!
!
a11 a12 a13 a14
t1
W
=
a21 a22 a23 a24
t2
Two pairs of translation vectors T and T ′ determine the same
lattice iff there is a 2 × 2 unimodular6 matrix U such that T ′ = UT [13].
Write T = AW and T ′ = A′ W as above, then, T ′ = UT iff A′ = U A,
because the basic directions in W are linearly independent over Z.
Multiplication by matrix U does not affect the determinant and hence
neither the area of any of the different cells determined by distinct
pairs of translations.
There is a particular matrix that will serve as reference to a translation lattice, the Hermite normal form.7 If A is an m × n integer matrix,
then there is a unimodular m × m matrix U such that H = U A is an
m × n integer matrix in row-reduced form, called the Hermite normal
form of A.
This way, in order to be able to identify if two translations define
the same lattice, we would first verify if they both have the same area,
and after that, we would compare their Hermite normal form.
Given a translation lattice T = AW, we can identify if a vertex
a ∈ Z [ω ] is inside the basic translation cell simply by verifying the
solution of (λ1 , λ2) = ( aW ) T −1 is such that λi ∈ [0, 1), i = 1, 2. In
fact, (λ1 , λ2 ) indicate the vertex is in the cell
T⌊λ1 ⌋,⌊λ2 ⌋ = T0,0 + ⌊λ1 ⌋t1 + ⌊λ2 ⌋t2 .

A unimodular matrix is an integer matrix with determinant ±1, or equivalently, an integer matrix with integer
inverse.
6

7

The Hermite normal form is the integer
equivalent to a reduced echelon form
and can be found with an integer Gaussian elimination process.
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2.7 Representation of periodic tilings with regular polygons
The following theorem estates in a constructive way the conditions
that must hold for a symbol with elements in Z [ω ] to represent a
tiling of the plane with regular polygons.
Theorem.

Let

 
t1

" # 
 t2 


T
s1 
=


S
 .. 
.
sn

be a (2 + n) × 4 matrix. T is a 2 × 4 integer matrix representing the
translation lattice in Z [ω ]. S is an n × 4 integer matrix with the
lattice coordinates of n seeds: {si | i = 1, . . . , n}, representatives of
translation equivalence classes of vertices in Z [ω ].
Let V = {si + k1 t1 + k2 t2 | i = 1, . . . , n, k1 , k2 ∈ Z } be the set of all
the vertices of the tiling.8 Then, ( T, S) is a valid tiling symbol, that is,
corresponds to a periodic tiling of the plane with regular polygons iff
all the following conditions hold:
a) Matrix T represents a translation lattice: its rows are linearly independent.

8

For computer implementations, this
set is typically a finite point cloud easily generated with k1 , k2 ∈ {−K, . . . , K }
for some small K ∈ N.

r

q
ω k+j

b) Every element in V is unique.

p

ωk

c) The distance between two distinct vertices in V is at least 1.

s

d) Every two vertices at distance exactly 1 form an edge aligned with
a direction in Ω = {ω k | k = 0, . . . , 11}.
e) Let the edges pq in direction ω k and pr in direction ω k+ j , with j =
±2, ±3, ±4, ±5, be in the same face. Then, this relation is transitive,
meaning that for an edge qs in direction ω h , the immediate vertexneighbouring edge qp = −ω k is at ω h+ j (Figure 2.9).9
f) Every vertex in V is a vertex of a polygonal face, and all the vertices
of each polygonal face are vertices in V.
g) Every point of the fundamental region belongs to a polygonal face.
Proof (⇒) Let T be a periodic tiling of the plane with regular polygons with unit polygon sides and one edge aligned with some element
in Ω. We have shown in the previous sections that:
• All vertices and both translation vectors of T are elements of Z [ω ].
• A translation lattice exists, it is origin independent, and defines
a half-open fundamental region which contains a finite set of
representatives of vertices of T , the seeds.
• The polygonal faces are formed by sequences of directions in Ω.

ωh
−ω k

r
ω k+j

p

q

ω h+j

Figure 2.9: Transitive property of neighboring edge positions (e), the difference
in the ω exponent j between consecutive
pairs of them is constant.
9
As observed before, the value of j determines both edges belong to a regular
polygonal face of 3, 4, 6, 12 sides, respectively.
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Then, (a), (b) and (g) derive from the fact that the translation vectors
define a lattice. (f) is derived directly from T being a polygonal
tiling. (c), (d) and (e) are guaranteed, since the faces of T are regular
polygons with unit length sides that are aligned with directions in Ω.
Therefore, conditions (a) to (g) hold.
(⇐) Now suppose we have a symbol ( T, S) as described in the theorem and show it is a periodic tiling of the plane with regular polygons.
To start, if there was a point P in the plane which does not belong
to a face of the tiling, there would be a translation t = (k1 t1 + k2 t2 )W,
k i ∈ Z such that P + t ends up in the fundamental region, and would
contradict condition (g), hence, the faces cover the plane.
The periodicity of the symbol is given by the translation lattice and
the construction of the set V. Let us show that the polygonal faces
intersect either in an edge or in a vertex.
If there was a vertex of one face inside any edge, this point would
be at a distance less than 1 of the vertices of such an edge. The same is
the case if any two edges intersect, the vertices of one such edge would
be closer than 1 to the vertices of the other. Loose single vertices or
single edges inside a polygon would contradict conditions (e), (f) and
(g). And, overlapping vertices would contradict condition (b) and (c).
A loose corner of a smaller polygon inside another would either:
have a vertex closer than 1 to a vertex of the surrounding polygon,
be a loose corner of the interior polygon contradicting condition (e),
or be at exact distance 1 of a vertex of the surrounding polygon,
which would contradict the existence of this polygon, since the edges
forming it are not immediate neighbors, contradicting condition (e).
We have shown that, in fact, the object described by the symbol
covers the plane with edge-to-edge regular polygons in a periodic
way. 
Condition (e) is a fundamental geometric rigidity characteristic
of Archimedean vertices: edges around a vertex form a star-shaped
structure, a footprint of the vertex type (Figure 1.12).
We will translate this theorem into practical algorithms and methods for acquiring, analyzing and building periodic tilings of the plane
with regular polygons.

2.8 Tiling the plane using a symbol
The tiling is an infinite object, but, since all the information is contained in a finite region represented by the symbol, we will explain in
detail how it is that the formulated conditions can be verified in an
efficient way to build a tiling.
The (2 + n) × 4 integer matrix is our concrete representation of a
tiling. Each data item (translation vector or seed) is given by its lattice
coordinates in Z [ω ], and so is represented uniquely by four integers.
We also call it the external representation, because it can be saved to
files, published, and shared.
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We will formulate constructive algorithms for creating the tiling
from the elements in the symbol. These algorithms serve at the same
time to check the validity of the symbol.

2.8.1 Covering a region of interest with a system of points
The first challenge to cover an arbitrary region R ⊂ R2 of the plane
with the tiling is to determine the coefficients for the translation lattice
over which we should compute replicas of the fundamental region
that cover the desired region (Figure 2.10). This is a known problem
in computer graphics related to rendering textures.
The lattice coordinates of the translation vectors can be arranged
in a 2 × 4 matrix T, and mapped into R2 to form a 2 × 2 invertible
matrix Te = TW. The region R is transformed into the translation
lattice space through Te−1 . Here, coefficients that correspond to the
cover of the region by translation cells (index sets I, J) are computed
to guarantee that
R⊆

[

Ti,j ,

I×J

where Ti,j is the translated lattice cell:
Ti,j = {(i + λ1 )t1 + ( j + λ2 )t2 : λ1 , λ2 ∈ [0, 1)}

= T0,0 + it1 + jt2 = T0,0 + (i, j) T.

For completely reconstructing the tiling topology, a ring around the
cover is needed, as illustrated in Figure 2.10. This will be explained
in detail in the next subsection. These indices are included in sets I
and J for convenience.
That said, the set of vertices we described as part of the representation is defined in a finite form, covering region R:
VR = {si + k1 a1 + k2 a2 | i = 1, . . . , n, k1 ∈ I, k2 ∈ J }

2.8.2 Hashing
Since each vertex in the set has an integer representation in Z [ω ] we
use hashing, a technique that lets us locate a vertex by its coordinates in
a data structure indexed by a unique code generated from the integer
representation. The hash key of an element [1, 2, 3, 4] ∈ Z [ω ] may be
the string "1,2,3,4" or an integer in the form 0x0001000200030004.
This allows the algorithms that rely on comparisons with the whole
point cloud to take linear time.
The internal representation is enough to deduce the tiling topology
entirely and condenses the view of the tilings as systems of points
introduced at the beginning of the chapter. For applications where
R is not defined, we use index sets I = J = {−1, 0, 1}, just to get the
translation cells adjacent to the fundamental region, which allows us
a proper topology reconstruction.

Figure 2.10: Covering a circular region
with a tiling. The red area is the coverage. The orange region helps reconstructing the topology over the red region.
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2.8.3 Tiling topology reconstruction
Edges. An edge exists between any two vertices at distance one in the
point cloud. Computing the distance between every pair of vertices
would take O( N 2 ) operations, given N = |VR |. Instead of this we
take each vertex in v ∈ S and ask whether v + ω k ∈ V for each
k = 0, 1, . . . , 11. This can be done directly by testing whether an entry
for v + ω k exists in the hash.
The star for each vertex is a list that stores the relative position
of the neighboring vertices by the exponents of their directions in Ω
(Algorithm 1). Then, the star of a vertex v ∈ VR is simply an ordered
list of the form:
k

star(v) = {k : v + ω ∈ V } ⊂ {0, 1, . . . , 11}
Note that this is done only for the n seeds (vertices in S), looking
for neighbors in VR , which costs only 12n hash queries. Once the
stars are obtained for the seeds, they can be propagated using the
translation cells over I × J.
The stars replace the edges in a classic mesh topology representation, since they allow the location of all the neighbors of a vertex via
the hash. Rendering the edges of the tiling can be done in parallel
to the star computation or after, without the need to explicitly store
the edges. For each k ∈ star(v), we know w = v + ω k ∈ VR , and, to
avoid duplicating the edge drawing, the edge vw is drawn only when
hash(v) < hash(w) (Algorithm 2).
Algorithm 1

Algorithm 2

procedure star(v)
s ← []
j←0
for k = 0 to 11 do
if v + ω k ∈ V then
j ← j+1
s[ j] ← k
end
end
return s
end

procedure edges(v)
for k = 0 to 11 do
w ← v + ωk
if w ∈ V and hash(v) <
hash(w) then
drawedge(v, w)
end
end
end

Faces. Our representation offers a very simple way to reconstruct the
faces around each vertex. As we have stated, each vertex is the vertex
of a regular polygon, each corner of a star is the corner of a regular
polygon, and the difference between the exponents of the directions
in Ω stored in the vertex star reveals the type of polygon.
Moreover, regular polygons are sequences of constant turns, then,
multiplications by some ω h suffice, and there is a face in a vertex v for
each element in its star (Figure 2.12). So, let σ(v) = {k i | i = 1, . . . , ev },
let ji = k i+1 − k i for i < ev and jev = (k1 − k ev ) mod 12, and hi = 6 − ji .
Then, the i-th face adjacent to v has si = 12/hi sides and is given by

v + ω2
v + ω5
v + ω0
v+ω

7

v + ω9
star(v) = {0, 2, 5, 7, 9}
Figure 2.11: Example of a star around a
vertex in a tiling.
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the sequence of points (Algorithm 3):
p1 = v
p2 = p1 + ω k i
p3 = p2 + ω k i + hi
..
.
psi = psi −1 + ω ki +(si −2)hi
Remember that if ji = 2, 3, 4, 5, then the polygon has si = 3, 4, 6, 12
number of sides respectively (si = 12/(6− ji )). Since ω is a rotation
by 30 degrees, internal angles are obtained by αi = 30ji , that is,
αi = 60, 90, 120, 150, respectively. This is the reason we use hi = 6 − ji
as angle for the turns of the polygon, because it corresponds to
180 − αi degrees external turns.
The sequence { ji } of differences between the values of the star of
v also reveals the type of Archimedean vertex of v when translated
to the sequence {si }. Sequence {si } corresponds to the number of
sides of the polygons around v, which is, in turn, the symbol for the
Archimedean vertices (Figure 1.12).
We should not keep all the faces generated by this procedure,
however, because this would create duplicate faces. The face is only
going to be computed when v is the leftmost lowest vertex of the
face, this is, when 0 ≤ k i , k i+1 < 6, since k i+1 ≥ 6 makes v + ω ki+1
leftmost and at least as low as v in the same face. If v is such that
0 ≤ k i , k i+1 < 6, we call v the anchor of the face (Algorithm 4). Every
face has exactly one anchor but not every vertex is an anchor of a
face. Once edges and faces have been computed for the fundamental
region, they can be replicated using the translation cells over I × J.
Algorithm 3

Algorithm 4

procedure face(v, k, m)
f ← []
f [1] ← v
f [2] ← v + ω k
for i = 3 to m do
k ← (k + 12/m) mod 12
f [ i ] ← f [ i − 1] + ω k
end
return f
end

procedure faces(v)
s ← []
j←0
for k = 0 to 5 do
if v + ω k ∈ V then
j ← j+1
s[ j] ← k
end
end
if #s > 1 then
for i = 1 to (#s − 1) do
h ← 6 − (s[i + 1] − s[i ])
m ← 12/h
drawface(face(v, s[i ], m))
end
end
end

v + ω k+4

v + ωk
v

h = 6 − ((k + 4) − k) = 2

p4 = p3 + ω k+2h
p5 = p4 + ω k+3h

p3 = p2 + ω k+h

p6 = p5 + ω k+4h

p2 = v + ω k
p1 = v

Figure 2.12: Example of a face reconstruction on an anchor vertex using the
star difference h.

30

on periodic tilings with regular polygons

2.8.4 Rendering
Everything that happens in the basic cell is repeated exactly in all
the cells of the translation grid. This is the reason why one only
reconstructs the tiling around the seeds, that is, take the basic cell as
the window. The set of all edges emanating from the seeds is called
the skeleton of the tiling. The set of all faces anchored at the seeds
form a patch of the tiling (Figure 2.13). These fundamental pieces are
translation units: they can be repeated by translations to reconstruct
the whole tiling. When this local reconstruction is used for rendering
only, it does not require storing all vertices in the point cloud, just the
ones in the basic cell and in its outer cells, nine cells in all.

In some computer graphics applications we address the following

problem: given a point p = p x , py , to obtain its lattice coordinates
and reduce it to an equivalent point in the fundamental region. To
solve it, we solve the system:

(λ1 , λ2 ) TW = p x , py .

The integer parts of λ1 and λ2 are the translation lattice coordinates, and the fractional parts are the convex coordinates inside the
fundamental region. Once there, we can find the closest seed s to the
point and locate the position of p relative to the star of s, which gives
us the face in which the point is contained.

Figure 2.13: Example of the skeleton and
the patch of a tiling.
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2.8.5 Dual
The dual vertices are the centers of the faces of the primal tiling. Two
vertices of the dual are connected by an edge iff the two corresponding
faces are adjacent in the primal tiling (Figure 2.14). The dual of a
tiling with regular polygons is not Archimedean necessarily; in fact,
that is the case only for the three regular tilings of triangles, squares
and hexagons. The dual of the 11 Archimedean tilings are known as
Laves or Catalan tilings [35].
The center of a face can be computed as the barycenter of its
vertices or as the midpoint of a pair of opposite vertices in the face,
when the face is not a triangle. The vertices of the dual tiling can
be written explicitly for each of the polygons in (fractional) lattice
coordinates.
The vertex of the dual tiling corresponding to the face anchored at
vertex v with first start value k (edge ω k ) is, in each case:
Triangle: v + 31 ω k+1
Square: v + 12 ω k (1 + ω 3 )
Hexagon: v + ω k+2
Dodecagon: v + ω k (ω 2 + ω 3 )

Figure 2.14: Example of the dual (white)
of a tiling (black).
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2.9 Symbol equivalence
One of the important questions we can answer with our representation
is whether a given pair of tiling symbols are equivalent, that is,
represent the same tiling.
Let ( T, S) and ( T ′ , S′ ) be two tiling symbols (Section 2.7) and let
us assume that both T and T ′ are minimal translation lattices for the
tiling they represent.10 Let V = {si + k1 t1 + k2 t2 | i = 1, . . . , n; k1 , k2 ∈
Z }. If the symbols represent the same tiling then all the following
conditions hold:
• There is a 2 × 2 unimodular matrix U, such that T = UT ′ . Equivalently, the Hermite normal form of T is the same of that of T ′ .
• #S = #S′ , and there is some o ∈ S′ such that the image of S′
under U with origin o is contained in V.
The matrix U accounts for any rotation or reflection to which
the common lattice would be subject to in the second representation.
There would be ambiguity by a reflection only in case the fundamental
region itself is symmetric by a reflection across t1 + t2 .
The point o in the second condition might be any point of S′ , since
the translation lattice is origin independent.
The second condition could be formulated with reference to both
fundamental regions only, but this would require remapping both sets
S and S′ to a new common translation lattice given by the Hermite
normal form, and also a remapping after each translation by a given
origin.

2.10 Properties of the representation
We shall now discuss some properties of the representation of tilings
with regular polygons explained here. As a guideline, we use the
framework proposed by Requicha [71] for discussing properties of
representation schemes. A representation scheme is a relation from a
model space M of mathematical objects to a representation space R of
syntactically correct representations. In other words, a representation
scheme is a set of pairs (m, r ) ∈ M × R. In our case, the model
space M is the space of all periodic tilings of the plane by regular
polygons, up to Euclidean similarity. The representation space R is
the set of all (2 + n) × 4 integer matrices, with n ∈ N, n ≥ 1. Such
matrices are interpreted according to the representation defined in
Section 2.7. Each row contains lattice coordinates of a point in Z [ω ];
the first two rows represent the translation vectors; the remaining n
rows represent the seeds.
Domain. The domain of a representation scheme is the set of all
objects in M that can be represented in R. The domain characterizes
the descriptive power of the scheme. As we have argued in Section 2.7,
all tilings can be represented in our scheme after applying an Euclidean similarity for normalization. Therefore, the domain of our

10

We address the translation lattice minimization in Section 3.3.
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representation is the full modeling space of all periodic tilings of the
plane by regular polygons, up to Euclidean similarity. In this sense,
our representation is comprehensive.

Validity. The set of valid representations is the range of the representation scheme, that is, the set of all representations in R that represent
an object in M. Each representation is a (2 + n) × 4 integer matrix.
This matrix corresponds to a finite non-empty set of cosets of an additive subgroup of Z [ω ] of rank at most 2: the first two rows generate
a subgroup of Z [ω ] and the remaining n rows are coset representatives. A valid representation is a matrix that represents a tiling. Not
every representation is valid, not every matrix corresponds to a tiling,
only the ones that satisfy the conditions listed in the representation
theorem. These conditions are verifiable with the algorithms given in
the other sections in this chapter.

Completeness. A representation r in R is unambiguous when there is
exactly one object m in M that is represented by r. A representation
scheme is complete or unambiguous when all valid representations are
unambiguous. Our representation for tilings is complete in this sense
because a tiling can be unambiguously reconstructed from a matrix
that represents it, if the matrix does represent a tiling.

Uniqueness. A representation scheme is unique when all valid representations are unique: every object in M has exactly one representation in R. As remarked by Requicha [71], most representation schemes
for geometric objects are not unique for conceptually trivial reasons:
duplicates and permutations of elements listed in the representation
(when lists are used as proxies for sets) and position of geometric
elements. Our representation for tilings is subject to this trivial nonuniqueness: the order of the translation vectors and of the seeds
in the matrix is conceptually immaterial but give different matrices.
(Our abstract representation does not suffer from this non-uniqueness
because it uses sets, but it cannot be used as a representation space.)
Representing a tiling has various sources of non-uniqueness: the
vertex chosen to be the origin and the orientation of the tiling with
respect to the basic directions give different matrices. This is an
inevitable consequence of defining M as the space of tilings up to
Euclidean similarity.
Our representation suffers from non-uniqueness also for nontrivial
algebraic reasons: the same translation lattice can be represented by
different pairs of vectors. We have addressed how to establish the
equivalence between two symbols in Section 2.9, using a unitary matrix U that must exist if both translation lattices are equivalent. What
we have described allows to solve the equivalence of the translation
lattice.
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Finally, there is the issue of minimality of the translation vectors
described in Section 2.6. A valid tiling symbol might have translation
vectors that are not minimal, which creates non-trivial redundancy
of symbols. We describe how to deal with this in Section 3.3. The
basic idea is to produce a vertex cloud and evaluate the translations
from the origin to vertices with the same star as itself. If the seeds
find themselves contained in the cloud for smaller translation vectors
than the original, these new ones are saved. Fundamental region and
seeds are corrected with respect to this lattice.

Equivalence. Closely related to uniqueness is the issue of deciding
whether two representations define the same tiling. This is a crucial task for identifying and removing duplicates when acquiring
or generating large collections of tilings. The procedure described
in Section 2.9 can be applied, or one can generate two large vertex
clouds, one for each representation, and test whether one contains
the seeds of the other tiling completely, both ways, after applying a
translation or a rotation. More precisely, for each seed in one representation, translate the translation grid so that the seed becomes
the origin. Then, for each basic direction ω k , rotate the vertex cloud
about the origin by multiplying by ω k , and check whether the rotated
vertex cloud contains the seeds of the other representation.

Conciseness. A representation should contain just enough information to represent an object. Some redundancy is allowed, if it simplifies some operations. Our representation for tilings is very concise.
By definition, minimal representations contain no redundancy. The
entries in the matrices of minimal representations are typically small
integers.

Ease of creation. Our representation for tilings is suitable for both
manual and automatic creation from images. We describe with detail
in Chapter 3 how to extract a representation for a tiling automatically
from an image of it.
To extract a representation for a tiling manually from an image
or even a sketch of it, one first performs the normalization process
that satisfies the hypothesis of our representation: fix a vertex to be
the origin and rotate the drawing around the origin so that some
edge becomes horizontal. Then, locate two vertices nearest to the
origin that are equivalent to the origin by two linearly independent
translations. This could be done by printing two semi-transparent
drawings of the tilings and sliding one over the other until they match,
or just by drawing a line joining the vertex to its equivalent pair. This
is the hard step for a human, especially for large repetitive tilings. We
explain an automatic procedure to identify the translation lattice over
point clouds in Chapter 3.
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Once the translation vectors have been found, the seeds are the
vertices inside the parallelogram defined by them. The lattice coordinates are found by following paths to the vertices, as described in
Section 2.7. This process automatically gives a minimal representation
because the vertices defining the translation vectors are the feasible
ones closest to the origin.
To show the ease of creation of tilings within our representation
we have created a web tiling prototype creator11 . The application
starts with the origin seed and assists the user for the insertion of
new seeds over feasible Z [ω ] points, after each insertion the edges
are created automatically. The user defines two pairs of equivalent
vertices and tests the tiling result in real time. The lattice coordinates
of each element are given in text form so they can be easily saved.
The process is illustrated on Figure 2.15.
Efficacy in the context of applications. Our representation is simple to
understand, as explained in Section 2.7. It is simple to reconstruct
a tiling from a representation, as explained in Section 2.8. Complementing the compact external representation (an integer matrix) with
an explicit internal representation of its vertices (the cloud) simplifies
many algorithms.
No complex data structures and no nearest-neighbors searches
are needed. Moreover, most tasks have robust solutions based on
error-free integer arithmetic. There are no geometric tests and no
arbitrary tolerances that often plague geometric algorithms.

2.11 Related work
The general approach given by Kaplan [44] is well suited for representing all the varieties of isohedral tilings, given a parametrization of the
tile borders and its own adjacency. However, that approach becomes
too complex when we try to generalize it for periodic tilings having
more than one tile. In a similar effort, Cosineau [23] approaches the
problem from the symmetry group choice operating over a defined
tile. This approach requires that we have a defined tile, and over it
the geometric mappings are applied.
Delgado-Friedrichs [25] describes a general data structure for representing periodic tilings accurately with a graph symbol and a pair of
adjacency functions between chambers. He uses a triangulation of the
original tiles such that each triangle includes exactly one edge of the
tiling. Again, the graph symbol and the chamber labeling gives all the
symmetries of the tiling. However, the rendering of such symbols in
large scale is costly, since the classification of each point relies only in
the neighboring chambers. Our translation-only approach gives a fast
method for classifying an arbitrary point and for drawing the tiling
inside arbitrarily large regions of the plane. Equivalence between
tilings in their representation becomes a general graph isomorphism
problem, which is very complex to solve in general.

11

chequesoto.info/tiledraw/
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Our approach is closer in spirit to that of Ostromoukhov [63]. He
explains how to produce a representation of a plane ornamental pattern, such as an Islamic pattern, by manually analyzing its structure
starting from a sketch or an image of the pattern. He also shows how
to use the analytical representation to synthesize a drawing. A key
point in Ostromoukhov’s approach is strand analysis, which represents how the symmetries of the pattern behave in a fundamental
region. Our approach with seeds is similar, but much simpler, since it
only requires translational symmetry.
The choice to represent the tilings using complex numbers or 4dimensional integer vectors has been derived independently by other
authors in different contexts. Peng et al. [66] make a different choice
of 4-tuples to represent the coordinates. Conelly et al. [19] appeal to
the same complex basis, however, they do not discuss in detail how
the basis would be used to create the tilings. As we have pointed out,
the sets in Z [ω ] that characterize tilings with regular polygons are a
very restricted subset of Λ(1, ω, ω 2 , ω 3 ).
Our representation was used for independent implementations,
like the one by Claudio Esperança, that can be found in the URL
observablehq.com/@esperanc/synthesizing-periodic-tilings-of-the-plane.

Also, Weyrich implemented a triangle and square tiling generation
strategy,12 based on an intensive computer vertex insertion in Z [ω ],
guided by some optimizations that exploit the properties of our representation. The vertex insertion performed by his algorithm resembles
the user activity in our GUI tiling creator shown in Figure 2.15.

12

Unpublished.
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Figure 2.15: Process of manual tiling
creation using the web tiling prototype
creator. The output in lattice coordinates
is printed in real time on the sidebar.

3

Acquisition

When we started this research, the state of the art in high-order
Archimedean tilings were image collections, not computational representations. We will describe the collections we used and how we
processed the images to convert them to our integer lattice representation. Once represented as vertex clouds in Z [ω ], we automatically
detect minimum translation grids that determine the fundamental
region and select the seeds to build a full symbol, as described in
Chapter 2.
This acquisition resulted in a data set that allowed some insights
about the Z [ω ] representation of periodic tilings with regular polygons. It also provided a test set for the symmetry detection algorithm
described in Chapter 4.

3.1 Image sets
Sa&Sa. The first image set to which we had access to is the product
of many years of computer-aided arts craft. After his first book on the
subject in 1982 [74], Ricardo Sá continued working on Archimedean
tilings for many years.
The research project that includes this thesis started in 2017 when
Asla and Ricardo Sá were preparing the publication of their collection
of tilings [75]. After the book was published, they kindly shared
213 images of vertex constellations as colored dots, like the one in
Figure 3.1, which is a 189 × 183 PNG image. The dots have a diameter
of about 8 pixels.
Galebach. Brian Galebach investigated high-order n-uniform tilings
in 2002, apparently using a computer search. The result is a collection
of images in his website1 . Even though he has published no computer program and no technical paper about his findings, not even a
description of the methodology he used, the numbers of tilings found
by him are cited in The On-Line Encyclopedia of Integer Sequences
(OEIS) [81], and remain the state of the art.
The collection by Galebach [28] contains 1351 images with lowresolution line drawings of tilings, like the one in Figure 3.2, which
is a 768 × 576 PNG image. The lines are 1-pixel wide and have no
antialiasing.

1

probabilitysports.com/tilings.html
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Figure 3.1: Sample input image: tiling
GMUW, Sa&Sa collection.

Figure 3.2: Sample input image: 3 uniform tiling 35, Galebach collection.

The challenge that we posed ourselves was to acquire representations of the tilings in both collections so that we could have a
computational database that could be shared and used to analyze the
variety of tilings.
The full pipeline of the acquisition is divided in two main stages:
1. Transform the image into a system of points in Z [ω ].
• Acquire a set of vertices from the image.
• Correct the vertices, identifying its lattice coordinates.
2. Identify a translation lattice for the tiling, select the seeds, and
build a tiling symbol.
• Find two translations that leave the tiling invariant.
• Find the seeds inside the fundamental region.
• Minimize the translation vectors and correct the symbol.

acquisition
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3.2 From pixel space to Z [ω ]
Acquiring vertices. The first step is to find approximate coordinates
for the vertices in the image. This is the only step that depends on
the nature of the input. We use standard image processing to identify
and extract the vertices from the input image.
For the vertex constellations from Sa&Sa collection, we approximated the vertices by finding the centroids of the connected components in the image, using regionprops in MATLAB. We had to rotate a
few images to ensure that every image had its edges aligned with the
basic directions in Ω.
For the line drawings from Galebach collection, we convolved the
input image with a 3 × 3 kernel of ones. In this new image, we
selected the pixels having value of at least four. The corresponding
pixels in the original image contain a vertex where at least three edges
meet. Recall that lines are 1-pixel wide and have no antialiasing.
We then approximated the vertices by finding the centroids of the
connected components in the new image, as before.
Finally, we ensured that all implied edges have approximately unit
length by scaling the extracted points about their centroid with a scale
of 1/d, where d is the distance from the origin to its nearest neighbor.
The origin is the point nearest to the centroid of the point cloud.

Figure 3.3: Input image and the approximate vertex coordinates: HLMNQTU
tiling, Sa&Sa collection.
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Correcting vertices. The approximate ( x, y) coordinates for the vertices found in the first step are corrected in the second step by enforcing the restriction that the edges have unit length and are aligned with
the basic directions in Ω. The output of this step are exact coordinates
in Z [ω ] for the vertices in the tiling.
We build a spanning tree T for the vertices using front propagation
as follows. The tree T and the front F start with the origin, which
is the vertex closest to the centroid of the vertices. While F is not
empty, we remove a vertex v ∈ F and find all vertices w not in T
such that 1 − δ < d(v, w) < 1 + δ. The edge vw is added to the tree
T and the vertex w is added to the front F. Ideally, we seek those w
such that d(v, w) = 1, but we need to use a tolerance of δ because the
vertex coordinates in pixel space obtained from the first step are an
approximation. The value δ = 0.35 worked for all 1564 vertex clouds.
This large tolerance attests to how robust this step is.
Each time an edge vw is found, we store the (corrected) lattice
coordinates in w′ ∈ Z [ω ] for w, which are given by v′ + ω k , where
ω k is the direction closest to w − v. We avoid any error propagation throughout the insertion of new vertices by using the original
approximate Euclidean coordinates for computing the neighboring
candidates.
The spanning tree T is just a tool for systematically visiting all
vertices and finding their coordinates in Z [ω ]. These coordinates for
a vertex v′ correspond to the unique path in T from the origin to v′ .
The tree T is not needed in the following steps, so it is discarded.

Figure 3.4: Approximate vertex coordinates and corrected ones with spanning
tree: HLMNQTU tiling, Sa&Sa collection.
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3.3 Minimal translation lattices
Since we now have a set of vertices in Z [ω ], we apply the edge
reconstruction algorithm described in Algorithm 1. The stars contain
fundamental information to discriminate possible translations, since
two vertices can only be equivalent if they have the exact same star.

Figure 3.5: Edge reconstruction over the
corrected coordinates in Z [ω ]: HLMNQTU tiling, Sa&Sa collection.

Detecting translations. We look for translation vectors t such that the
tiling is invariant under a translation by t. This could be seen as
graph automorphism; however, this is true only for the infinite vertex
cloud or under the reduction to the flat torus, which at this point is
unknown.
Since the vertex cloud is finite, we must settle for a partial automorphism: some vertices and edges will be sent outside the cloud,
and some vertices and edges in the cloud will not be the image of any
vertex or edge. Even efficient algorithms for graph automorphisms
[46, 58] cannot find translations, only rotations and reflections. Note
that the problem of finding translation vectors is not the standard
cloud registration problem in computer vision, which deals with two
clouds of points [36]. In that context, the problem is solved by finding
the best rigid transformation that maps one cloud to the other, in the
sense of least squares.
However, we are looking for exact solutions, not approximate ones.
Exact solutions are possible because the vertices have exact integer
coordinates in Z [ω ], and so do translation vectors. Our solution is
exact in this sense; it does not use the ( x, y) coordinates of the vertices,
√
which are necessarily approximate, since they involve 3.
To find the translation vectors, we need to analyze the translational
symmetries of the vertex cloud. We test all possible translations in
Z [ω ], in a clever way. A translation vector must send the origin to
another vertex of the same type, and with the same orientation in the
tiling. Thus, a necessary condition for two vertices to have the same
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type is that they have the same star, hence the computation in the
previous step.
For each vertex v having the same star as the origin, we make the
translation t = v and assign a score it:
score(t) = #((V ± t) ∩ V )
Where V is the vertex cloud and V ± t = {w ± t | w ∈ V } is the result
of translating V by t in both directions. A vertex w is counted in this
score iff w + t or w − t is some vertex wt ∈ V and w and wt have the
same star. This score measures how much of the tiling is preserved
under translation by t. We use coordinates in Z [ω ] to test whether
w ± t ∈ V via the hash table, so there is no need to compare with
every other vertex.
We order the pairs (score(t), ktW k) lexicographically in order of
decreasing score and increasing length, and select the top two translation vectors that are linearly independent. Including lengths in this
selection helps to find a small translation cell.

Figure 3.6: Translations detected by
score function: HLMNQTU tiling,
Sa&Sa collection.

Finding seeds. The seeds are the vertices inside the translation cell
determined by the translation vectors t1 and t2 found in the previous
step. The basic cell is {λ1 t1 + λ2 t2 : λ1 , λ2 ∈ [0, 1)}. Note that this
cell is half-open, that is, open at the sides not containing the origin.
For each vertex v in the tiling, we find its coordinates (λ1 , λ2 ) in the
basis (t1 , t2 ) by solving a standard 2 × 2 linear system. This step uses
the ( x, y) coordinates of v, t1 , t2 . Then v is a seed iff −ε ≤ λ1 , λ2 ≤
1 − ε. This tests ensures that we find all seeds, including the ones on
the closed sides of the translation cell, but not the ones on its open
sides. The value ε = 10−6 worked well in all cases.

acquisition

Minimizing translations. The translation cell, and the set of seeds
found in the previous steps may not be minimal. This is due to the
size and shape of the vertex cloud, which might introduce a geometric
bias in translation vector scores.
Nevertheless, if we have succeeded in reproducing almost all vertices in the cloud by translating the seeds inside the translation cell
along the translation vectors, then we have acquired the tiling correctly. In particular, we can generate arbitrarily large vertex clouds
for the tiling.
We find minimal translation vectors and seed sets by detecting
translations and finding seeds, as described above, on a new synthetic
vertex cloud generated by replicating the available translation cell in
a 5 × 5 grid, and insisting that the candidate translations reproduce
all vertices in the 3 × 3 middle sub-grid.
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Figure 3.7: Seeds for the initial translation cell: HLMNQTU tiling, Sa&Sa collection.

Figure 3.8: Finding minimal translations.

Figure 3.9: Finding minimal translations,
fundamental region, and minimal seed
set: HLMNQTU tiling, Sa&Sa collection.
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3.4 Results
The pipeline described above was applied to the Sa&Sa [75] and
Galebach [28] tilings collections. For each tiling, we verified how well
the tiling reconstructed from our acquired representation matched the
original input data. More precisely, we computed how many corrected
vertices appeared in the vertex cloud obtained by translating the seeds
along the translation vectors to cover the input cloud.
The results are shown in Table 3.1, which should be read as follows:
In the Sa&Sa collection of 213 tilings, 195 tilings were perfectly reconstructed, 9 tilings had at least 99% success but less than 100%, 7 tilings
had at least 98% success but less than 99%, 1 tiling had at least 96%
success but less than 97%, 1 tiling had at least 49% success but less
than 50%. In the Galebach collection of 1351 tilings, the results are
even better, probably because their clouds are larger: 1346 tilings were
perfectly reconstructed and the remaining 5 tilings had at least 99%
success.
Set
Sa&Sa
Galebach

Input reconstruction
% success
100 99 98 96
# tilings
195 94
7
1
% success
100 99
# tilings 1346
5

49
1

Acquired
98.6
210/213
100.0
1351/1351

In summary, over 98% of the tilings in Sa&Sa collection were correctly acquired: all but three tilings were perfectly reconstructed.
For the tilings by Galebach, 100% of the tilings were perfectly reconstructed with no exceptions. In both collections, the exceptional
vertices that were not reconstructed are typically at the fringe of the
original cloud and have been acquired erroneously because they have
very few neighbors and so the wrong star.
The few cases where our algorithm found an incorrect translation
cell were the tiles labeled NPRTUW, NQTUVW, and PTU6, from
Sa&Sa (Figure 3.10). This failure is due to insufficient input data.
Despite appearances, there are some features in the input images
for which there is incomplete information to deduce the translation
pattern. In Figure 3.10, we have colored some elements to show
deceptive apparent patterns in small samples. One can perceive
that the algorithm fails only with proper undecidable cases, where
translations are not clear even after careful human inspection. It
seems clear that any pattern with a sufficiently large point cloud
sample will be captured properly by the algorithm, as it is the case
with Galebach’s collection.
This pipeline is quite robust and can be easily adapted to handle
other kinds of images, by using suitable image processing to extract
vertices. Previously [73], we had the user select the vertices directly on
the image, which could even be photographs with mild perspective
distortions (Figure 3.11). The pipeline can also be used to handle
vector graphics, such as SVG and PostScript, as long as it is possible
to extract vertex coordinates, even in different coordinate spaces.

Table 3.1: Verification results for the two
collections of tilings.
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Figure 3.10: The input images do not
contain sufficient information for reconstructing the tilings. The colored features, which are potential equivalences,
have ambiguous (incomplete) translation information on the sample.

The data acquired from the two collections of tilings is available at
the project web page2 for further research on the topic. The data are
JSON files containing the name of the tiling and the coordinates in
Z [ω ] of its translation vectors and seeds. These coordinates are very
small integers (less than 15 in absolute value). The file for the whole
Sa&Sa collection [75] has about 64K bytes; the file for the Galebach
collection [28] has about 343K bytes. We include some examples of
the tilings in the collection in Section 3.7.

2

chequesoto.info/thesis.html

Figure 3.11: User-assisted acquisition of
tilings from photographs with mild perspective distortion [73]. Our acquisition
algorithm is robust enough to work on
a setup like this. For large distortions,
one would apply an homography first.
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3.5 Coincidences
We used the equality decision algorithm described in Section 2.9 to
detect coincidences in the two collections. As explained, to avoid
testing all pairs of models, we only tested pairs with the same number
of seeds and fundamental regions with the same area. These are
necessary but not sufficient conditions for two representations to
define the same tiling. We tested 364 potential coincidences, having
the same number of seeds, area, and Hermite normal form. We found
143 coincidences, some of which are not obvious because they involve
rotations. Figure 3.12 shows an example. After a rotation, the tiling
GLMT2 in the collection by Sa&Sa [75] is the same as the 4-uniform
tiling 37 and the 4-Archimedean, 4-uniform tiling 16 in Galebach [28].

Figure 3.12: An example of a coincidence between the two sets: the tiling in
the top row is the same as the tiling in
the bottom row, after a rotation. Input
images on the left, reconstructed tilings
on the right.
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3.6 Related work
The collection of tilings by Galebach [28] is the state of the art in the
classification of k-uniform tilings [81]. Only low-resolution images
with line drawings of tilings are available at that site, but unfortunately not vertex coordinates or code. Efforts in producing catalogs
on tilings of regular polygons are recurrent in the literature.
In 1989, Chavey [16] collected results and drawings of regular
tilings, arguing that classifications and theoretical results on the topic
are scattered across several papers. Chavey provides drawings of
165 tilings of regular polygons, arranged by vertex orbits and labeled
according to vertex types.
In 2019, Wikipedia [94] included a catalog of 564 tilings that
cite Chavey [16] and Galebach [28] as sources. The SVG images
in Wikipedia contain coordinates that could be extracted and used in
our pipeline. However, the tilings in Wikipedia are a subset of those
by Galebach [28] and have fewer vertices.
Liu et al. [57] carefully reviewed the field of computational symmetry, including the long history of symmetry detection algorithms,
dating back to 1932. They mention that detection of reflection symmetry used to dominate the field of symmetry detection in computer
vision. Their review classifies methods by the types of symmetries
detected, as well as the type of method used for detection. We stress
that we are interested only in translations for now, even though periodic tilings of regular polygons have several types of symmetries.3
Thus, our problem falls into the class of lattice detection algorithms.
Liu et al. [55] classified a few papers as lattice detection. All of them
perform their search for translation direction in frequency space. Our
approach is based on voting schemes, which are more frequently used
to detect rotations and reflections. We search for global translation
symmetry although we have only local information in hand.
Liu et al. [56] investigate the problem of automatically inferring
the lattice structure of near-regular textures in real-world images.
The first step toward automatic texel discovery is the detection of
repeated interest points present in the image. The key trade-off is
to extract enough interest points to reveal some repeated structure
reliably without overwhelming the subsequent lattice finder with false
positives. Liu et al. [56] report good performance for their algorithm
by testing it on the data used in the Symmetry Detection from RealWorld Images Competition 2013. The problem that we solve here
is different for two main reasons: (1) we seek translations in Z [ω ]
and search in a few directions; (2) our data is composed of several
interlocked grids over the same lattice. This would most probably be
a challenging dataset for previous algorithms.

3

Symmetry detection will be addressed
using our representation in Chapter 4.
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3.7 Samples of the acquired collections
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Figure 3.13: GMP tiling from Sa&Sa collection [75].
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Figure 3.14: Tiling number 32 from Galebach collection of 5-uniform tilings [28].
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Figure 3.15: TUV tiling from Sa&Sa collection [75].
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Figure 3.16: Tiling number 7 from
Galebach collection of 6-uniform 6Archimedean tilings [28].
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Figure 3.17: HLMNQTU tiling, and its
dual, from Sa&Sa collection [75].
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Figure 3.18: Tiling number 610, and
its dual, from Galebach collection of 6uniform tilings [28].
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Figure 3.19: LSTUW tiling vertices colored by type, and its dual, from Sa&Sa
collection [75].
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Figure 3.20: Vertices from tiling number
215 colored by type, and its dual, from
Galebach collection of 5-uniform tilings
[28].

4

Symmetry Classification

We proved that our representation is a proper symbol for periodic
tilings of the plane with regular polygons, we showed how to reconstruct the topology from a symbol in Chapter 2, and how to acquire a
symbol from an image in Chapter 3.
Our interest now is to classify a tiling as n-uniform, k-Archimedean.
The Archimedean class is easily deduced from the stars of the seeds,
which represent all vertices in the tiling. The uniformity class is
harder because the fundamental region for the translation lattice can
contain orbits of other symmetries. Hence, we must reduce the seeds
by every possible symmetry equivalence. This requires testing the
tiling for invariance under all plane symmetries, that is, finding the
plane symmetry (wallpaper) group to which the tiling belongs. Given
its symmetry group, we identify its generating region, which contains
exactly one vertex for each transitive equivalence class of vertices. The
number of such classes gives the uniformity class.

Figure 4.1: Example of a 5-uniform, 3Archimedean tiling. Tiling number 288
from Galebach collection of 5-uniform
tilings [28].

Much work has been done from the perspective of computer vision
in the search for symmetries in images [2, 3, 59]. Liu et al.’s survey of
computational symmetry [57] gives a historical view on this perspective. However, our methods for symmetry detection work directly
over the integer lattice coordinates with arbitrary precision, using
the operations defined in Section 2.4. On the other hand, they are of
course limited to tilings by regular polygons.
55

56

on periodic tilings with regular polygons

4.1 Symmetry groups in practice
Plane symmetry groups were presented in Chapter 1, along with
their features and notation. One of the classic problems in symmetry
is: given a periodic pattern on the plane, determine its symmetry
group. Washburn and Crowe [91] proposed a systematic procedure to
recognize the symmetry group of any pattern based on its symmetries:
2-, 3-, 4-, or 6-fold rotations, reflections and glide reflections. Their
flowchart, shown in Figure 4.2, is widely used in the literature [12].

yes
none

Is there a
reflection?

Is there a glide yes
reflection in an
axis that is not a no
reflection axis?

no
Is there a glide
reflection?

cm
pm

yes

pg

no

p1
yes

yes

yes
180°

Is there a
reflection?

Are there
reflections in two
no
directions?

no
Is there a glide
reflection?

What is the
smallest rotation?

yes
90°

Is there a
reflection?

60°

Is there a
reflection?

cmm
pmg
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p2

yes
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that intersect at no
45°?

no

yes
Is there a
reflection?

pmm
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p4m
p4g
p4
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Are all rotation
centers on
no
reflection axes?

Are all rotation
centers on
no
reflection axes?

p3m1
p31m

no

p3

yes

p6m

no

p6

Once the plane symmetry group has been identified, the generating
region of the symmetry group can be delimited. This is the minimal
region of the plane that contains one representative point for every
transitive equivalence class under the symmetry group. In other
words, the generating region contains all the information required
to generate the whole pattern by the repeated application of its symmetries. However, this kind of reconstruction is quite more complex
than the one by the translation cell.

Figure 4.2: Washburn and Crowe
flowchart for the classification of symmetry groups of plane periodic patterns
by their basic symmetries [12].
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The generating region is smaller than the fundamental region of
the translation lattice. In most cases the generating region is not be
origin-independent, since rotation centers and mirror lines constitute
singularities of the plane under the symmetry. While translation
vectors can always be deduced from the symmetry group’s generating
region, the opposite is not true.
Generating regions for each symmetry group have been thoroughly
described by Schattschneider [78] and are the common reference when
dealing with symmetries in computer graphics [57]. Figure 4.3 shows
lattice cells with annotated symmetries for each symmetry group.

Figure 4.3: Lattice units with annotated
symmetries by symmetry group [78].

4.2 Symmetry search
Isometric transformations can be computed directly in Z [ω ], as we
showed in Section 2.4. This allows us to test for symmetries using
integer operations in lattice coordinates. A tiling is symmetric iff it
is invariant under an isometry, by the definition of symmetry given
in Section 1.1. Thus, to find the symmetries of a tiling, we apply
isometric operations to the tiling and test for equivalence between the
original tiling and its image under the isometry.
It is impossible to test every possible position of rotation centers
and mirrors in the plane, since they are infinite. However, regular
polygons and Archimedean vertices have a finite set of candidates of
singularities for each symmetry: points and lines where the symmetry
holds locally, singularities of the symmetry in a local sense.
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The analysis can be done on different levels, but the more specific
the triage, the higher the algorithmic cost. For example, from the edge
point of view, every midpoint between two vertices is a candidate
of a 2-fold rotation center, but this is true only if both of the faces
adjacent at that edge are the same polygon type. Determining this in
an automatic fashion requires more processing effort.
We will describe the local criteria that qualify a point or a line
to be a candidate for a symmetry singularity: rotation centers and
mirror lines. We shall develop a different strategy for glide reflections
because they do not express themselves in a local manner, since
they involve a translation. The local criteria serve to build sets of
candidates for every symmetry, and, then, each candidate is used to
test the tiling invariance under the corresponding symmetry.
To exploit the efficiency of hashing for determining the existence of
a point, we create a vertex cloud V around the fundamental domain
that is guaranteed to contain the image of the seeds under each
possible symmetry. A ball centered at the origin with radius equal to
3 times the maximum diagonal of the fundamental region guarantees
this, since it contains the Minkowski sum of the fundamental region
with its possible rotations.
A set of candidates Cσ is created for each symmetry σ accordingly:
a point set for rotations, a line set for reflections and pairs pointvector for glide reflections. After that, we systematically apply each
transformation to the set S of seeds, and check the equivalence to the
original tiling through the correspondence of the image with V. This
is, σ is a symmetry of the tiling iff σ (S) ⊆ V. This is equivalent to
reducing σ (S) to the original plane-torus topology and compare it to
itself, but simpler and very efficient.
Rotations. Centers of rotation can only occur at: vertices, face centroids, or edge midpoints (2-fold only).
• Vertices
– R: 2-fold.
– K: 3-fold.
– S: 2 and 4-fold.
– W: 3 and 6-fold.
• Faces
– Triangle: 3-fold.
– Square: 2 and 4-fold.
– Hexagon: 2, 3 and 6-fold.
– Dodecagon: 2, 3, 4 and 6-fold.
• Edges (midpoint) might have a 2-fold symmetry only in m · m
edges, such as the edges present in vertex types: G, K, N, Q, S, T,
U, V, W.

symmetry classification

Reflections. Mirror lines can only occur across edges, across angle
bisectors, or across edge bisectors.
• Vertices belong to candidate mirror lines that either bisect the
internal angles of faces or are aligned with an edge, only when the
star is symmetric by this mirror line:
– G (1): bisecting the 3 face, aligned with the opposite edge.
– K (3): at each bisector (edge).
– M (1): bisecting the 3 and 12 faces.
– P (1): bisecting the 4 and 6 faces.
– Q (1): aligned with 3 · 3 and 6 · 6 edges.
– R (2): bisecting either 3 or 6 faces.
– S (4): aligned with the edges or bisecting 4 faces.
– T (1): aligned with the 4 · 4 edge, bisecting the opposite 3 face.
– U (1): aligned with the 3 · 3 edge, bisecting the opposite 3 face.
– V (1): bisecting the 6 face, aligned with a 3 · 3 edge.
– W (6): aligned with edges or bisecting faces.
• Edges might have mirror line candidates across their bisectors.
Mirror lines across edges have all been considered in the first item.
Glide reflections. Candidates for glide reflections are somewhat more
complex than the other symmetries. They are even harder to detect
visually. Since they involve a translation, glide symmetries do not
express locally, but a couple of facts are useful to detect them.
Let γ : Z [ω ] −→ Z [ω ] be a glide reflection that leaves the tiling
invariant. Since mirrors are their own inverse, we know that γ2 must
be a valid translation of the tiling, since the mirror part cancels itself
out. Then, the translation part t g of the glide g must be of the form:
tg =

1
( k t + k 2 t2 ) ,
2 1 1

k1 , k2 ∈ {−1, 0, 1},

which is very useful, since the mirror is the line defined by vector t g .
Since the image of the transformed points must be in Z [ω ], points
through which glide reflections lines pass must be either vertices or
edge midpoints. This stated, we can now build a list of candidates
for glide reflections.
Given a tiling, a set of candidates Cσ is built for each symmetry σ
based on the criteria explained above. For each candidate, the tiling
is transformed by σ, the moment a transformed seed is found to be
outside V, the candidate can be dismissed (Algorithm 5). If the symmetry σ holds for that candidate, it is stored in the set of symmetries
of the tiling Dσ (Algorithm 6). The result is a list of features (points
or lines) on the tiling for each type of symmetry, which guide the
classification of the tiling into its corresponding symmetry group, as
it is illustrated in Figure 4.2.
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Algorithm 5

Algorithm 6

procedure issymetry(c, σ )
for j = 1 to #S do
if σc (s j ) 6∈ V then
return false
end
end
return true
end

procedure symfeatures(Cσ )
Dσ ← [ ]
for j = 1 to #Cσ do
if issymm(c j , σ) then
Dσ ← c j
end
end
return Dσ
end

Figure 4.4: Generating regions by symmetry group [78].
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4.3

n-uniform classification

For each symmetry group, the symmetry features or singularities
guide the construction of a generating region. This process was
illustrated by Schattschneider (Figure 4.4). Each symmetry reduces
the translation fundamental region by a natural factor: r-fold rotation
symmetry divides the area of the generating region by a factor of r,
reflections and glide reflections reduce the area by a half. The factors
from the distinct symmetries present in the group multiply. For
example, the generating region of a tiling in p6m symmetry group
has 1/12 of the area of the translation fundamental region.
The most delicate part of delimiting the generating regions is the
half closure, which ensures the correct classification of the points
inside it without repetition. Finding the uniformity class of the tiling
is a point classification problem, some of them are very likely to stand
on the borders of the generating region, differentiating open and
closed segments of the polygonal region is important. Mirror lines
are closed, while sides that delimit the rotation folds are alternatively
open and closed. 2-fold rotations generate aligned open and closed
segments, for example.
Since many symmetry features have fractional values in Z [ω ]
(centroids of faces and mid-points of edges), we scale all coordinates
by a factor of 6 to keep our representation over the integers. In this
scaled integer representation, we save some symmetry features (while
other remain implicit) together with the seeds inside the generating
region according to the symmetry group. Each symmetry group has
its own recipe for developing the tiling again. The reduced symbol
generated by the symmetry group, even though it is smaller in data,
depends on the specific symmetry group recipe for reconstruction,
which makes a rendering program based on it more complex than
one that uses the method described in Chapter 2. In practice, we
build a translation region using the symmetries and then proceed as
explained in Chapter 2.

Chemical notation
We propose a chemical notation for tilings, where a list of the types
of vertices is indexed by its multiplicity in the generating region.
The multiplicity remains implicit when it is 1, and the symmetry
group is included as a prefix. This way, a chemical style symbol of an
n-uniform, k-Archimedean tiling would have the form:

Gσ : Λ1m1 Λ2m2 · · · Λkmk ,

k

∑ mi = n,
i =1

where Gσ ∈ { p1, p2, pm, pg, . . . , p6m} is the symmetry group, and
Λi ∈ { G, H, J, K, . . . , W } are the Archimedean vertex types present in
the tiling, in alphabetic order, with multiplicity mi ∈ N, i = 1, . . . , k.
This way, symmetry group and both n and k classes become evident
in the symbol.
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We show the generating regions for each of the symmetry groups
with its open and closed segments, with annotated symmetries in
Figure 4.6 to Figure 4.21. We omit the algorithmic details, but the annotated symmetries provide a clear guide for delimiting such regions.

4.4 Results
After applying the symmetry classification algorithm to our experimental collections, we were able to verify Galebach’s collection classifications as n-uniform, k-Archimedean given by the tiling numbers
showed at the end of Chapter 1 up to the 7-th row. Also, the algorithm classified the Sa&Sa collection tilings by their n-uniform,
k-Archimedean class.
Some statistics for the symmetry group classification of the tilings
acquired from Sa&Sa and Galebach collections are shown in Table 4.1.
Symmetry
group
p1
◦
p2
2222
pm
∗∗
pg
◦◦
cm
∗◦
pmm ∗2222
pmg
22∗
pgg
22◦
cmm
2 ∗ 22
p4
442
p4m
∗442
p4g
4∗2
p3
333
p3m1 ∗333
p31m 3 ∗ 3
p6
632
p6m
∗632
Total

Collection
Galebach Sa&Sa
0
0
59
6
1
0
1
0
3
0
289
43
138
4
28
2
482
46
4
2
5
3
15
10
7
1
13
10
13
1
40
6
253
76
1351
210

Example
figure

Table 4.1: Symmetry group classification
results for the two acquired image collections.

Figure 4.6
Figure 4.7
Figure 4.8
Figure 4.9
Figure 4.10
Figure 4.11
Figure 4.12
Figure 4.13
Figure 4.14
Figure 4.15
Figure 4.16
Figure 4.17
Figure 4.18
Figure 4.19
Figure 4.20
Figure 4.21

Exemplars of each symmetry group have been selected and displayed over the next pages, with the symmetry features annotated
according to the code on Figure 4.5. Each caption gives the chemical
symbol, from which can be deduced its n-uniform k-Archimedean
classifications, as well as a reference to the collection it has been taken
from, with its original name. The fundamental region is outlined in
red. The symmetry group generating region is filled in light blueish
gray, outlined in dark gray, with closed boundaries in continuous
lines and open ones in dashed lines. The symmetry group generating
region is filled with light blueish-gray and the vertices inside it have
been marked.

reflection line
glide reflection line
2-fold rotation
3-fold rotation
4-fold rotation
6-fold rotation
Figure 4.5: Symmetry annotation code.
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p2 : 2222

Figure 4.6: p2(2222) : T2 U9 W tiling. 11th TUW tiling from Sa&Sa collection.
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pm : **

Figure 4.7: pm(∗∗) : NRTVW2 tiling.
Number 453 from 6-uniform Galebach
collection.
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pg : oo

Figure 4.8: pg(◦◦) : T2 U4 tiling. Number 661 from 6-uniform Galebach collection.
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cm : *o

Figure 4.9: cm(∗◦) : NP2 U2 V tiling.
Number 478 from 6-uniform Galebach
collection.
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pmm : *2222

Figure 4.10: pmm(∗2222) : GHLPU
tiling. GHLPU tiling from Sa&Sa collection.
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pmg : 22*

Figure 4.11: pmg(22∗) : NRTVW2 tiling.
Number 451 from 6-uniform Galebach
collection.
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pgg : 22o

Figure 4.12: pgg(22◦) : ST3 UW tiling.
Number 364 from 6-uniform Galebach
collection.
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cmm : 2*22

Figure 4.13: cmm(2 ∗ 22) : HLMNQTU
tiling. HLMNQTU tiling from Sa&Sa
collection, number 3 from 7-uniform 7Archimedean Galebach collection.
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p4 : 442

Figure 4.14: p4(442) : L2 MU tiling.
LMU tiling from Sa&Sa collection, number 132 from 4-uniform Galebach collection.
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p4m : *442

Figure 4.15: p4m(∗442) : LMST tiling.
LMST tiling from Sa&Sa collection,
number 81 from 4-uniform Galebach collection.
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p4g : 4*2

Figure 4.16: p4g(4 ∗ 2) : ST2 UW2 tiling.
Number 215 from 6-uniform Galebach
collection.
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p3 : 333

Figure 4.17: p3(333) : KQ3 RV tiling.
Number 72 from 6-uniform Galebach
collection.
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p3m1 : *333

Figure 4.18: p3m1(∗333) : L2 PTUW
tiling. LPTUW tiling from Sa&Sa collection, number 480 from 6-uniform Galebach collection.
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p31m : 3*3

Figure 4.19: p31m(3 ∗ 3) : HLNTUVW
tiling. Number 2 from 7-uniform 7Archimedean Galebach collection.
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p6 : 632

Figure 4.20: p6(632) : QRV2 W2 tiling.
Number 540 from 6-uniform Galebach
collection.
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p6m : *632

Figure 4.21: p6m(∗632) : LNPRST
tiling. Number 4 from 6-uniform 6Archimedean Galebach collection.
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4.5 Related work
Valiente et al. [87] designed a motif symmetry classification by transforming digitized images to Bézier curves and then analyzing their
symmetries by explicitly applying symmetry group rules. The main
difference with the computer vision approach is that they use graphical entities to compute explicit symmetries for them.
Agustí-Melchor et al. [3] present a novel computational framework for automatic classification method by symmetries, for periodic
images applied to content-based image retrieval. They apply an automatic parameter estimation based on the contents of an image and
classify based on a distance computation to a set of prototypes.
Liu et al. [57] carefully reviewed the field of computational symmetry, including the long history of symmetry detection algorithms,
dating back to 1932. Liu et al. [56] investigate the problem of automatically inferring the lattice structure of near-regular textures in
real-world images. The first step toward automatic texel discovery is
the detection of repeated interest points present in the image. The key
trade-off is to extract enough interest points to reveal some repeated
structure reliably without overwhelming the subsequent lattice finder
with false positives. Liu et al. [56] report good performance for their
algorithm by testing it on the data used in the Symmetry Detection
from Real-World Images Competition 2013.
Plachinda [67] applies crystallographic image processing (CIP)
to raster images, an automated image processing method used in
crystallography to obtain scores for each symmetry group based on
Fourier transform of the image.
Moeck [59] discusses several methods applied to crystallographic
symmetry detection in noisy images. The methods described rely
strongly on statistical measures, given that they work with actual
crystallographic imaging, where a lot of pseudo-symmetric structures
appear.
Adanova & Tari [2] present a fully automated method to detect
the symmetry group and extract fundamental domains of ornaments
belonging to 13 symmetry groups. They apply their method to ornaments where the underlying tiling is not evident. They achieve
good results obtaining unit cells under the symmetry group, which
we have called generating regions.
The problem solved here has a different nature than the methods
reported so far in the literature. Our model for periodic tilings
with regular polygons has a precise integer representation where
symmetries can be computed with absolute precision. We could try
to apply some image processing methods over raster images of our
tilings, but we would be losing on the properties of the representation,
and risking to have an incomplete identification of the symmetry
groups, since none of the reported methods can classify correctly all
17 wallpaper groups.
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It is natural to ask whether and how one can generate arbitrarily
complex tilings. More precisely, can we find, or at least count, all the
tilings satisfying some constraints? Constraints like the area of the
fundamental region, the number of vertices or faces, etc. Is there a set
of equations or expressions that determine such tilings?
We shall focus on triangle-square tilings, that is, tilings formed solely
by triangles and squares, because these tilings contain all tilings by
regular polygons after refinement. Through this chapter, we explain a
representation of triangle-square tilings via equivalence with edgelabeled hexagonal graphs, which characterizes these tilings completely.
An algebraic structure for families of tilings whose dual graph is
embedded in congruent plane tori arises from this representation.
This algebraic structure allows the computation of a basis for the
tilings in each topological setting and hence an enumeration of the
infinite family of tilings spanned by each basis. Moreover, the basis’
elements of each family correspond to fundamental unfoldings of
the triangle tiling. This implies every triangle-square tiling is an
unfolding of the triangle tiling, and so, it admits two distinct foldings
into triangle tilings.
A triangle-square tiling T is a combinatorial arrangement of triangles and squares on the plane, which is completely determined by
one of two complementary sets of triangles E and L, present in the
tiling. Observe the tiling in Figure 5.1 and its colored version, with
E in red and set L in gray. A tiling containing triangles satisfies that
either one of these sets is not empty and both have pair cardinality.
Figure 5.1: Tiling T , with sets of triangles E and L colored.
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We define the restricted dual tilings (TE ∗ and TL ∗ ) as the dual tilings
on each of these sets, and analyze its combinatorial structure. In our
example, illustrated in Figure 5.2, one can see the restricted duals and
how they correspond to two connected components of T ∗ , the dual
tiling of T .

Each restricted dual tiling is isomorphic to a hexagonal graph,
as one can observe. We focus on TE ∗ , but the analysis for TL ∗ is
analogous, they differ only by a rotation by ω. The number of squares
that each edge of the restricted dual crosses can be encoded in the
graph, as edge labels. This way, we define Gξ∗ , the edge-labeled dual
hexagonal graph of T , with labels ξ. Figure 5.2 illustrates Gξ∗ , the
edge-labeled dual hexagonal graph of T , corresponding to TE ∗ .

Figure 5.2: Tiling T . Below: T ∗ , its
dual, colored by its two separated components: TE ∗ and TL ∗ . The restricted
dual tilings are shown isolated on the
sides.

Figure 5.3: Restricted dual tiling TE ∗ ,
and its corresponding edge-labeled dual
hexagonal graph Gξ∗ .
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We draw the graph Gξ∗ as a hexagonal tiling. The dual of a hexagonal tiling is a triangular one. Thus, the primal Gξ of the edge-labeled
dual hexagonal graph is a triangle tiling with labels on its edges.
Figure 5.4 illustrates both Gξ∗ and Gξ with their corresponding labels.

Gξ is a folded version of T , obtained by folding the triangle faces
in set E over the rest of the tiling using TL ∗ as the valleys of a
crease pattern. In origami mathematics, a crease pattern is a diagram
containing the lines through which the paper is folded. Creases
through which the paper is folded downwards are called mountains
(concave folds), and valleys (convex folds) when the fold is upwards
[42]. Figure 5.5 illustrates Gξ obtained by folding T over the crease
pattern with valleys on TL ∗ . The labels indicate the number of folds
under each edge.

All the results for set E have their analog on the complementary set
of triangles L. We show how the two representations relate through
their corresponding labelings. TL ∗ defines the valleys to obtain the
folding Gξ , with triangles on E , and vice-versa, TE ∗ defines the valleys
to obtain the folding Gλ , with triangles on L.
Figure 5.6 and Figure 5.7 show the relations between the objects
defined through this chapter.

Figure 5.4: Restricted dual tiling TE ∗ ,
and its corresponding edge-labeled dual
hexagonal graph Gξ∗ .

Figure 5.5: Restricted dual tiling TL ∗
used as an origami crease-pattern to obtain the folded tiling Gξ .
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Figure 5.6: Relations between a trianglesquare tiling T , its restricted duals TE ∗
and TL ∗ , the edge-labeled dual hexagonal graph Gξ∗ and the folded triangle
tiling Gξ .
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Figure 5.7: Relations between a trianglesquare tiling T , its restricted dual TE ∗ ,
the edge-labeled dual hexagonal graph
Gξ∗ and the folded triangle tiling Gξ .

dual

Gλ∗

The enumeration and generation of triangle-square tilings is given
by the equivalence of T with the edge-labeled dual hexagonal graph Gξ∗ .
This is done by enumerating all possible plane tori with hexagonal
tilings with h faces, which corresponds to triangle-square tilings
with 2h triangles in set E . Over each topology indexed by a pair (i, h),
we deduce the geometric constraints that define a valid labeling. A
valid labeling ensures that the dual hexagonal graph corresponds to
a triangle-square tiling. For each family T (i,h) of tilings in the (i, h)
topology, a Hilbert basis for the set of valid labelings is computed. Every valid labeling is obtained as a positive integer linear combination
of elements in the basis, which correspond to fundamental minimal
unfoldings of the triangle tiling.
Figure 5.8 illustrates the algebraic structure of tilings derived from
this representation. In it, the tiling from the examples above is obtained from the linear combination of two basic labelings from family T (3,4) , to which the tiling in our examples belongs. The operations
between labelings are, in fact, operations between tilings in the same
topology, as Figure 5.8 illustrates.

Figure 5.8: Example of the positive linear combination of two basic tilings.
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The Hilbert bases are used for the enumeration of the infinite
families of triangle-square tilings. Later, subsets of these basis are
used for the generation of a very large sample set of tilings. This
chapter covers the theoretic and algorithmic elements for all that has
been described, organized in the following way.
In Section 5.1, we define triangle-square tilings and relate them
to the notion of dense tilings. We also show how they contain all the
other tilings with regular polygons.
In Section 5.2, we discuss the complementary sets of triangles
present in a tiling, and define the restricted dual tiling and the edgelabeled dual hexagonal graph. The edge-labeled dual hexagonal
graph is the main combinatorial structure we are going to use for the
analysis and generation of triangle-square tilings.
Section 5.3 is dedicated to analyze the possible translation lattices on which hexagonal tilings can be embedded. We derive an
enumeration and generation scheme for the plane tori tiled with h
hexagons.
In Section 5.4, we analyze the geometric constraints that define a
valid labeling for a dual hexagonal graph Gξ∗ . A valid labeling ξ is
one such that Gξ∗ is isomorphic to some restricted dual tiling TE ∗ . We
derive the equations to find valid labelings. From these equations,
we derive the existence of a Hilbert basis for each tiling family in a
topological setting and compute its elements.
Section 5.5 is dedicated to explain in detail the generation algorithm
that allows us to compute a triangle-square tiling T directly from a
valid labeling on Gξ∗ .
In Section 5.6, we derive formulas for computing the area of the
generated triangle-square tiling directly from a valid labeling on Gξ∗ .
We analyze how the area formulas define the relationship between
two complementary labelings on Section 5.7. We also propose a complexity measure for triangle-square tilings based on the complementary
properties of the edge-labeled dual graphs.
Section 5.8 is devoted to the generation of a sample set of tilings
with the proposed methodology. For each h ∈ {1, 2, . . . , 20}, for each
torus with a hexagonal tiling with h faces, we compute all the binary
combinations of a set of generators (a subset of the Hilbert basis),
obtaining a set of more than 100 million tilings. We compute and
analyze some general statistics for the sample.
In Section 5.9, we analyze the tiling basis and the algebraic structure
of the tiling from a geometric point of view. We show that the
representation proposed, and the operations on the tilings derived
from it, can be interpreted as unfoldings of a triangle tiling, the dual
of Gξ∗ .
Finally, in Section 5.10 we make some remarks on the work in
progress and the research paths that are opened with the proposed
representation of triangle-square tilings. There are plenty of details
that await to be fully understood and some immediate applications
in which we foresee future work. In Section 5.11 we collect the main
related works in the literature.
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5.1 Triangle-square tilings
We represent periodic tilings of the plane with regular polygons as
regular systems of points, in the sense of Hilbert & Cohn-Vossen [40],
which satisfy the representation theorem (Section 2.7). The vertices
of a periodic tiling with regular polygons form cosets of the additive
group generated by the translation vectors.
Triangle-square tilings, formed by triangles and squares only, have
vertices that form dense systems of points in Z [ω ]. Given a translation
lattice and a set of vertices, the set is dense if no more vertices can
be inserted in the fundamental region such that the set continues to
satisfy the representation theorem. A dense system of points is the
maximal point set containing the given tiling’s vertices, and satisfying
the representation theorem with the same translation lattice.
In a dense system of points, the star of a vertex v does not have
consecutive edges ω k and ω k+4 , since the vertex at ω k+2 makes the
system denser and satisfies the representation theorem, as shown in
Figure 5.9. The case for consecutive edges ω k and ω k+5 is similar;
however, a point can be either at ω k+2 or ω k+3 , see Figure 5.9. In
either case, stars with these properties span only triangles and squares,
eliminating the possibility of regular hexagon and dodecagon faces.
The argument analyzing the density at the vertex level shows a
natural process of vertex insertion to make a tiling dense. When doing
this, one has to ensure that the inserted points satisfy the transitivity of
the internal edge angles, condition (e) in the representation theorem,
so that the insertion of points between ω k and ω k+5 edges is consistent.
The result of such insertion is shown in Figure 5.10. There is only one
possibility for the hexagon but two for the dodecagon.
Thus, dense tilings are obtained by inserting one vertex at the
centroid of each hexagon and 7 vertices inside each dodecagon in
one of the two possible ways. The described process has an inverse
vertex elimination procedure that enables the construction of regular
hexagon and dodecagon faces from dense tilings by removing some
vertices of type W or U6 W stars, respectively (Figure 5.10).

v + ω k+4

v + ω k+2
v

v + ωk
v + ω k+2

v + ω k+5
v

v + ωk
v + ω k+3

v + ω k+5
v

v + ωk

Figure 5.9: Density criteria on vertex
stars.

Figure 5.10: Vertex insertion and removal processes for regular hexagon
and dodecagon faces.
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Every tiling with regular hexagon and dodecagon faces is a subset
of a dense tiling. Thus, instead of inserting vertices into existing
tilings, we restrict our combinatorial representation effort to trianglesquare periodic tilings. Triangle-square tilings have been considered
as a family on their own previously in the literature of different areas
[18, 65, 66]. We shall consider vertex removal later as a separate
process over a generated triangle-square tiling.
Some remarks before dedicating ourselves to the combinatorial
representation of triangle-square tilings:
• The only Archimedean vertex types present in triangle-square
tilings are: S, T, U, W (Figure 5.11).

4

4

4

4
S
(44 )

3
4

3

3
4

T
3
(3 · 42 )

4
3

3
3

4

U
(3 · 4 · 3 · 4)
2

3
3

3
3
W
(36 )

Figure 5.11: Archimedean vertex types
in triangle-square tilings.

3
3

• The area of the fundamental region of a triangle-square tiling tells
us exactly the number and the nature of the faces. In Section 2.4,
we showed that the area of any fundamental region has the form:
√
a + b( 3/2). This corresponds to a squares and 2b triangles, for
triangle-square tilings.

Figure 5.12: Example of a large complex
triangle-square tiling.

enumeration and generation

89

5.2 Restricted dual tilings and graphs
Let T be a triangle-square tiling, as described in Section 5.1. We start
by observing that each triangle in T can appear in exactly 4 positions,
which can only be paired in specific ways, as shown in Figure 5.13.
Thus, a triangle in T can only be adjacent to either a triangle in a
pairing position — that is, with sides in the same orientation — or
a square. Therefore, there are two disjoint sets of triangles in the
tiling, as illustrated in Figure 5.14. The first set, called E , has edges
with orientations in Λ(ω, ω 3 ); the second set, called L, has edges in
Λ(1, ω 2 ). These two sets are interchangeable by a rotation by ω and
are present in every tiling aligned with the basic directions.

(E)

Figure 5.13: Edge-adjacent pairs of triangles form disjoint sets, the first in
Λ(1, ω 2 ) and the second by Λ(ω, ω 3 ).

(L)

We define the restricted dual tilings of T , denoted TE ∗ and TL ∗ , as
the pair of tilings generated by the dual vertices corresponding to
the triangles in sets E and L, respectively. Restricted dual tilings
are illustrated in Figure 5.15. The dual vertices corresponding to
square faces are disregarded. The edges of the restricted dual pass
through the squares without changing direction, connecting two
vertices corresponding to triangles in the same set only. The edges of
TE ∗ are aligned with directions generated by {1, ω 2 }, and the edges
of TL ∗ with directions spanned by {ω, ω 3 }.

Figure 5.14: Disjoint sets of triangles in
a triangle-square tiling: E colored in red,
and L colored in green.

Figure 5.15: Triangle-square tiling with
both restricted dual tilings: TE ∗ colored
in red, and TL ∗ colored in green.
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Another way to look at the restricted dual tilings is as if they were
edge-colorings of T ∗ , the dual of T . We attribute a color to each edge
of T ∗ based on its orientation with respect to the basic directions.
Red is attributed to edges aligned with Λ(1, ω 2 ) and blue to edges
aligned with Λ(ω, ω 3 ). The edges of T ∗ on each face of T are colored
as shown in Figure 5.16.
Figure 5.16: Faces of T and their corresponding edges in T ∗ , colored.

The edge-coloring defines two separable connected components
of T ∗ , which are exactly the two restricted dual tilings. Triangles in
the same set correspond to vertices in the same colored component
of T ∗ , while vertices corresponding to the squares are disregarded
for being contained between parallel edges of the same color. The
red component corresponds to TE ∗ and the blue one to TL ∗ . Then,
the restricted dual tilings are complementary: together, they form the
proper dual of T .1
There are tilings where both orientations of triangles are not
present, that is, E = ∅ or L = ∅. The squares tiling (S Archimedean
tiling) is such that E = L = ∅; its restricted dual is composed of
closed geodesics over the plane torus, with no vertices. We define the
restricted dual T∅∗ as a set of parallel geodesics through the torus for
consistency only. It is illustrated in Figure 5.17.

One could write that: T ∗ = TE ∗ ⋊
⋉ TL ∗ ,
⋉ meaning the overlay
to represent this, ⋊
of the two tilings with vertex insertion
on the edges intersections.

1

Figure 5.17: Triangle-square tiling where
L = ∅. The restricted dual TL ∗ is a set
of parallel geodesics, with no vertices.

Each restricted dual tiling of T has the same translation lattice as T
with vertex sets E and L respectively. If the area of the fundamental
√
region of T is a + b( 3/2), then |E | + |L| = 2b.
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By the lattice containing the set of triangles, it can be deduced that
the restricted dual tiling TE ∗ (E 6= ∅) is formed by closed equiangular
— but not equilateral in general — hexagons, with vertices in E . The
edges of TE ∗ make orthogonal intersections with the edges or the
geodesics of TL ∗ inside the squares of T , as illustrated in Figure 5.15
and 5.17. Also, TE ∗ is connected (E 6= ∅), and the length of an edge
√
is equal to s + 1/ 3, where s is the number of squares it crosses.
Everything we have stated so far is proved by construction. To
prove the existence of the restricted dual tilings we look at a triangular
face on the tiling, which is a vertex of the restricted dual, say w ∈ E .
Three dual edges are adjacent to it. Take one of them and start passing
across the adjacent square faces of the tiling. This sequence must
be finite, reaching a triangle again after a finite number of squares,
otherwise it contradicts the existence of the translation lattice of the
tiling T . This is true for each of the edges, for each element in E .
When E = ∅, there is no vertex to start with, neither where to arrive
at, the stripe of square faces comes back to itself in the plane torus
topology and closes; otherwise it contradicts the existence of the
translation lattice of T . The argument for L is analogous.
We define the Gξ∗ , the edge-labeled dual graph of T , as the abstract
graph isomorphic to TE ∗ , where ξ is a vector of edge labels. Each
label in ξ is the number of squares crossed by the corresponding edge
in TE∗ , as illustrated in Figure 5.18. The dual graph G ∗ is a 3-regular
toroidal graph, which we draw as a regular hexagonal tiling over the
plane torus, with vertices in Λ(1, ω 2 ).2 The translation lattice for this
tiling is different from the translation lattice for T .

We use the equivalence of a triangle-square tiling T with its edgelabeled dual graph Gξ∗ for tiling generation. Finding a valid labeling ξ
for a hexagonal toroidal graph G ∗ is equivalent to finding a trianglesquare tiling.
The relations between the restricted dual tilings, the edge-labeled
graphs associated with them, and tiling generation is illustrated in
Figure 5.6 and Figure 5.7. In the following sections we analyze the
generation of hexagonal tilings on the plane torus, as well as the
properties of a labeling that characterize a triangle-square tiling.
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We use the fact that the 2-torus with
Euclidean metric T 2 = R2 /Γ, where
Γ∼
= Z2 is a lattice in R2 .

Figure 5.18: Part of a restricted dual over
a region of a triangle-square tiling with
its associated dual graph with labels in
the edges. Labels on the edges of Gξ∗
correspond to the number of squares
crossed by the edge on the restricted
dual.
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5.3 Honeycombs on the plane torus
To be able to create a triangle-square tiling from an edge-labeled dual
graph, we need to understand the regular hexagonal tilings of the
plane torus. We start by observing that its vertices belong to the
lattice Λ(1, ω 2 ). Since we are dealing with a 2-dimensional lattice, the
matrix with the translation lattice vectors has the following structure,
after row reduction:
!
!
α γ
1
T=
0 β
ω2
where α, β, γ ∈ Z, and, without loss of generality, 0 ≤ γ < β and
α, β > 0. Considering the matrix in its reduced form ensures that we
generate every possible translation lattice without repetition. If γ = 0
we require α ≥ β to avoid the equivalent lattice by reflection across ω.
Hexagonal tilings have two types of vertices: those with star
{ω 0 , ω 4 , ω 8 } and those with star {ω 2 , ω 6 , ω 10 }, colored red and blue
in Figure 5.19, respectively. Then, any valid translation vector should
take a vertex to another with the same star, which are located at
relative positions: 3k1 ω 0 , 3k2 ω 2 , or k3 (1 + ω 2 ), with k i ∈ Z + for
i = 1, 2, 3 (Figure 5.19). Thus, the translation matrix is given by:
!
!
1
3k1 + k3 k3
.
T=
ω2
0
3k2
This matrix form gives us a general way to compute the translation
lattices (plane tori) that correspond to regular hexagonal tilings. The
determinant of the matrix in lattice coordinates is 9k1 k2 + 3k2 k3 , the
number of pairs of triangles contained in the fundamental region,
√
since the determinant of the basis matrix is 3/2. Thus, the number
of hexagonal faces is given by:
h = (3k1 + k3 )k2 .
Using Euler’s formula for a graph over the torus and the fact that the
graph is 3-regular, we conclude that the tiling has exactly 2h vertices
and 3h edges.
Without loss of generality, we assume that a vertex with star
{ω 0 , ω 4 , ω 8 } is at the origin, the centroid of the face indexed 1 is
in [0, 1] — in Λ(1, ω 2 ) coordinates — and the faces are indexed in
lexicographical order by their lattice coordinates (see the examples in
Figure 5.23).
To populate the fundamental region with face centroids and vertices, we check lattice coordinates [ i, j ] for 0 ≤ j ≤ β + γ and
0 ≤ i ≤ α + γ inside the fundamental region:
i ≡ ( j − 1) mod 3 corresponds to a face centroid.
i ≡ j mod 3 corresponds to a vertex with star {ω 0 , ω 4 , ω 8 }.
i ≡ ( j + 1) mod 3 corresponds to a vertex with star {ω 2 , ω 6 , ω 10 }.

3ω 2

3ω 0

1 + ω2

Figure 5.19: Possible translations in the
hexagonal tiling.
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Once we have the lattice coordinates of vertices and faces in the fundamental region, we can build the graph topology. The neighboring
faces are located in the relative coordinates shown in Figure 5.20. The
topology of the plane torus generates complex neighboring around
each face, some faces are neighbors along more than one edge. This
means that pairs of indices are not enough to define an edge, the
neighboring position is important. To avoid repetition, the lower
half edges of each face are computed and saved, the others can be
deduced from the neighboring faces (Figure 5.21). This gives us the
total of the 3h edges computed and stored only once. A face adjacency
h × 6 matrix F is built, where each row holds the face’s neighbors
indices: (n1 , . . . , n6 ) in the order of the edge enumeration indicated
in Figure 5.21. This information, together with the centroids’ lattice
coordinates, is enough to reconstruct the full graph topology.
Given h ∈ N, we are then able to compute all the unique translation
lattices with h hexagonal faces, the faces’ lattice coordinates inside
the fundamental region, and the graph topology over the plane torus.
The number of different translation lattices is related to the number of
factorizations of h in the form (3k1 + k3 )k2 . For example, for h prime
there are always two solutions:
!
1 1
, and
0 3h

T(1,h) =

h
0

T(2,h) =
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[−1, +2]
[−2, +1]

[+1, +1]
[0, 0]

[−1, −1]

[+2, −1]
[+1, −2]

Figure 5.20: Neighboring rule for the
hexagonal regular graph on reduced lattice coordinates.

!
h mod 3
.
3

The number of translation lattices ϕ(h) for h ∈ {1, . . . , 500} is
shown in the Figure 5.22. The first 20 cases of the numbers in the plot
are shown in Table 5.1.

Figure 5.21: Edge indexing for a given
face, all the edges can be deduced from
the face f and its neighbors’ indices.

n5

3(n5 − 1) + 2

n4

+

3

3 (n

n6

1

3(n

+

6

1)

−

−

1)

4

f
+1

+3
+2
3(f − 1)

Each lattice corresponds to a different topology of the hexagonal
graph, which, as we will see, is meaningful to the existence of valid
edge labelings for the graph. Each configuration defines specific
restrictions over the labeling.
h
ϕ(h)

1
1

2
2

3
2

4
3

5
2

6
4

7
2

8
5

9
3

10
5

11
2

12
8

13
2

14
5

15
5

16
7

17
2

18
8

19
2

20
9

Table 5.1: Number of translation lattices
ϕ(h) for tilings with h ∈ {1, . . . , 20}
hexagonal faces on the plane torus.
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120

100

80

φ(h)
60

40

20

0

0

50

100

150

200

250

300

350

400

450

500

h

Examples. Let h = 8, ϕ(8) = 5. We show two of the five possible
hexagonal tilings in Figure 5.23, the ones corresponding to T(3,8) and
T(4,8) , respectively. The translation lattices are:
T(1,8) =

1 1
0 24

!

T(4,8) =

T(2,8) =

4 4
0 6

!

2 2
0 12

!

T(5,8) =

T(3,8) =

8 2
0 3

4 1
0 6

Figure 5.22:
Number of translation lattices ϕ(h) for tilings with
h ∈ {1, . . . , 500} hexagonal faces on
the plane torus.

!

!

Figure 5.23: Hexagonal graphs with
translation lattices T(3,8) and T(4,8) , for
h = 8. Face and edge indexes are
shown.
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5.4 Edge-labeled graphs: basis for triangle-square tilings
We are interested in labeling the edges of a hexagonal tiling on the
plane torus in a way that the labeling corresponds to a triangle-square
tiling dual graph Gξ∗ . The values of the labels are not at all arbitrary;
geometric constraints over them guarantee that the corresponding
edge lengths form a proper restricted dual tiling TE ∗ .
Let the labels of a hexagonal face in Gξ∗ be a, b, c, d, e, f ≥ 0 as
shown in Figure 5.24. In order to produce a closed hexagon in TE ∗ ,
we require that the cycle closes after going around the hexagon, that
is, using the basic directions:

e
f

d

a

c
b

Figure 5.24: Labels on the edges of a
hexagonal face must create a closed loop
when translated to edge lengths.

aω 10 + bω 0 + cω 2 + dω 4 + eω 6 + f ω 8 = 0, this is
 
a
 
b
!
 

1 1 0 −1 −1 0 
 c  = 0.

−1 0 1 1
0 −1  d 

 
e
f

This homogeneous system of rank 2 is the geometric constraint for
one hexagon.3 Applied to the hexagonal graph topology, the columns
of the matrix spread to the columns corresponding to the indexes of
the edges around a face.
Let ξ ∈ Z3h be the vector of edge labels for the hexagonal toroidal
graph Gξ∗ . Then, the geometric constraint that guarantees that this
labeling corresponds to a restricted dual tiling TE ∗ is expressed as
an integer sparse linear system of the form Gξ = 0, where, for the
k-th face with edge indexes Ek = {e1 , e2 , . . . , e6 }, the sub-matrix of G
is given by:4
!
1 1 0 −1 −1 0
G[{2k−1,2k}× Ek ] =
.
0 1 1 0 −1 −1
Then, G is a sparse 2h × 3h integer matrix, with only 8h non-zero
entries. G is rank-deficient, the dimension of its null-space is (h + 2).5
Let p = h + 2 be the dimension of the null-space of G, and let
{ N1 , N2 , . . . , Np } be a base for it: a set of p linearly independent
vectors in Z3h , such that GNi = 0, for i = 1, . . . , p. Then, to have a
valid labeling ξ, we need η = (η1 , . . . , η p ) T ∈ Z p , such that:
p

ξ = Nη =

∑ ηi Ni ≥ 0,

i =1

since edge labels must be at least 0 to have a meaning. The geometric
constraint is satisfied, given that:
!
p

Gξ = G

∑ ηi Ni

i =1

p

p

=

∑ ηi GNi = 0,

i =1

where N = ( Ni )i=1 is a 3h × p integer matrix.

3

Ball [8] analyzed all equiangular polygons and reached very similar conclusions for the hexagons. The basic directions offer a compact representation.

4
We have expressed the second row
as the sum of the rows of the original
matrix, which gives a better numerical
structure.

5

Null-space dimension is an experimental result. The geometric intuition is that
determining all the hexagons but one to
fit the tiling is enough, hence the need
for 2(h − 1) equations to fully determine
the system. This argument is equivalent
to the circle packing conjecture by Fejes Tóth: The triangle packing in the plane,
minus one packing disc, is solid [19].
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Null-space N can be computed applying a stable sparse matrix decomposition algorithm over G. Methods based on LU decomposition
have proved efficient for this task over rectangular sparse matrices [32].
Using Kowal’s LUQ decomposition [50], we obtain a 3h × p matrix N
whose columns are a basis for null( G ).6
Experimentally, matrix N has the following structure:
N = P −1

C
D

!

,

where P is a permutation matrix, C is a dense block, and D is a nonsingular, sparse block with positive entries of size p. Since ξ ∈ null( G ),
we know that ξ = Nη, then:
ξ=P

−1

Cη
Dη

!

.

Thus, since D is very sparse and has positive entries, it imposes the
constraint η ≥ 0.
Let Ξ = {ξ ∈ Z3h | Gξ = 0, ξ ≥ 0} be the set of all valid labelings
over a graph Gξ∗ . Notice that every conical combination of elements
ξ j ∈ Ξ is also a valid labeling, since
G

∑ aj ξ
j

j

!

∑ aj ξ
j

j

= ∑ a j Gξ j = 0, and
j

≥ 0,

for arbitrary a j ∈ Z + .
Summarizing, a valid labeling ξ belongs to the cone generated by
the columns of N,
p

C ( N ) = { Nη | η ∈ R + },
intersected with the lattice Z3h , such that ξ ≥ 0. Since ξ = 0 is a valid
labeling itself, C ( N ) is a pointed cone, and the set of all valid labelings
Ξ = C ( N ) ∩ {ξ ∈ Z3h | ξ ≥ 0}
is an affine monoid, by Gordon’s lemma [15, 38].
By Caratheodory’s theorem and van der Corput’s theorem, there
is a finite set of generators X such that Ξ = cone( X ). X is called a
Hilbert base [15, 38], and, since the null-space of G has dimension p,
we know that | X | = m ≥ p.
Counting Hilbert basis of a homogeneous system of Diophantine
equations is #P-hard and belongs to class #NP in general [38, 39].
However, algorithms for finding Hilbert basis of affine monoids exist,
like the project-and-lift algorithm [37] and Normaliz [14, 15], the one
that we use.

6
The method is not designed for integer matrices, it introduces some floating point fractional entries and rounding errors. The result obtained is cleaned
by rounding the floating point residuals close to zero, and by multiplying the
columns where we identify rational values. An adapted implementation of a
method of this nature for integer matrices is desirable in the near future to
extend the results.
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Bases for triangle-square tilings
The existence of a Hilbert basis for the cone of valid labelings for
each family of tilings provides a natural enumeration, since the basis
can be lexicographically fully ordered. This result provides the full
characterization of all triangle-square tilings.
We showed how to generate the dual hexagonal topology F(i,h)
over the translation lattice given by matrix T(i,h) , and how to find
generators X(i,h) (the Hilbert basis) of the set of valid labelings, for
each i = 1, . . . , ϕ(h), for each h ∈ N. These elements generate
an infinite family of tilings T (i,h) , and they need to be computed
only once and stored. For each vector of non-negative integers of m
elements, a ∈ Z m
+ , we obtain a valid labeling ξ = X(i,h) a to generate a
triangle-square tiling. This means that the family of tilings in a flat
torus given by T(i,h) , with graph topology given by F(i,h) , is


T (i,h) = span X(i,h) ,

a tiling space isomorphic to Z m
+ , an affine monoid of tilings, with m
generators, for each i = 1, . . . , ϕ(h), for each h ∈ N. In the following
section, we explain in detail how to generate a tiling with these
elements.
Using Normaliz [14] we computed the Hilbert basis for each family
of tilings T (i,h) , with topology i = 1, . . . , ϕ(h), for each h = 1, . . . , 17.
Table 5.2 shows the values of m: the number of generators in the
Hilbert basis for each family, which corresponds to the dimension of
the space generated by them. This means T (i,h) is isomorphic to Z m
+
by the values in the table.

h
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17

Number m of elements in the Hilbert basis of T (i,h)
i ∈ {1, . . . , ϕ(h)}
1
2
3
4
5
6
7
8
3
4
4
5
6
6
6
8
7
13
8
12
19
19
9
31
10
12
28
12
48
11
12
78
12
58
64
64
124
13
201
14
34
171
238
238
39
171 323
15
523
16
318
648
648
844
17 1225
940 2291 1366
18
184 1588
56
288 1072 2208
19 3573

Table 5.2: Number m of elements in the
Hilbert basis for each tiling family T (i,h) .
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Examples. Let h = 8, we consider the first topology shown in Figure 5.23, corresponding to T(3,8) . The translation lattice is given by:
T(3,8) =

!
4 1
.
0 6

The Hilbert basis X(3,8) has 28 elements. By a heuristic method
applied to find some generators in the Hilbert basis7 , we obtained
b (3,8) , a subset of 11 generators. This is a 24 × 11 matrix of minimal
X
valid labelings


1 1 0 0 0 0 0 0 0 0 1


0 0 0 0 1 1 0 0 0 1 0


1 0 0 0 0 0 1 0 0 0 0


1 0 0 0 0 0 0 1 0 0 1




0 1 1 0 0 0 0 0 0 1 0


0 0 0 1 0 0 0 1 0 0 0


0 1 0 0 0 1 0 0 0 0 1




0 0 0 0 0 0 0 0 1 1 0


0 1 0 1 0 0 0 0 0 0 0


0 0 0 0 0 1 0 0 1 0 1




0 0 1 0 0 0 0 1 0 1 0




b (3,8) = 0 0 0 0 0 1 1 0 0 0 0
X
0 0 1 0 1 0 0 0 0 0 1




0 1 0 0 0 0 0 0 0 1 0


0 0 1 0 0 0 1 0 0 0 0


0 0 1 0 0 0 0 0 1 0 1




1 0 0 0 1 0 0 0 0 1 0


0 0 0 1 0 0 0 0 1 0 0


0 0 0 0 1 0 0 0 0 0 1




0 0 0 0 0 1 0 1 0 1 0


0 0 0 1 1 0 0 0 0 0 0


0 0 0 0 0 0 0 1 0 0 1




1 0 0 0 0 0 0 0 1 1 0
0 0 0 0 0 0 1 0 0 0 0
Then, we take the positive linear combination:
b (3,8) (2, 2, 2, 2, 2, 1, 1, 0, 2, 0, 0) T
ξ=X

= (4, 3, 3, 2, 4, 2, 3, 2, 4, 3, 2, 2, 4, 2, 3, 4, 4, 4, 2, 1, 4, 0, 4, 1) T

which generates the valid labeling in Figure 5.25, each value of the
labeling is shown on its corresponding edge, the indexes can be
consulted in Figure 5.23. The resulting triangle-square tiling is shown
in Figure 5.39.

7

This method was developed before the
use of Normaliz [14]. Every element
found with it was a proper element of
the Hilbert basis, as we verified before,
using the specialized software.
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Figure 5.25: Translation lattice T(3,8) . A
valid edge labeling is shown.

5.5 Dual-graph tiling generation
Let h ∈ N be the number of faces on a hexagonal toroidal graph
Gξ∗ with a valid labeling ξ on its edges. To build a triangle-square
tiling we make a graph traversal through Gξ∗ , inserting the vertices
corresponding to the squares on TE ∗ edges. By keeping track of
the visited vertices in lattice coordinates for Gξ∗ , we compute the
translation lattice for TE ∗ and T . At the end, we insert the vertices of
the triangulated hexagonal faces of TE ∗ . We shall explain the details
of this dual-graph tiling generation algorithm.
Let v ∈ Z [ω ] be the writing head that inserts vertices on the
generated tiling T , and u ∈ Λ(1, ω 2 ) be a pointer to the location on
the graph traverse over Gξ∗ . We build a queue of ( j, v, u) data packages
with the following information:
j is the edge index, signed. The sign indicates the direction the edge
is traversed: j > 0 indicates going from left to right, and j < 0 the
opposite.
v is the position of the writing head in lattice coordinates in Z [ω ].
u is the pointer location on the graph in lattice coordinates Λ(1, ω 2 ).
The data structure representing the hexagonal dual graph Gξ∗ has
the following information:
F is the face adjacency h × 6 matrix described in Section 5.3. The
canonical labeling of our edges makes it simple to deduce the
neighboring edges and faces by their indices.
ξ is a valid labeling for the edges of Gξ∗ , 0 ≤ ξ ∈ Z3h .
Let V ⊂ Z [ω ] be the set of vertices of the generated tiling. Let
Jout = {1, . . . , 3h} be the set of non-visited edges. The convention
for the position of the writing head is shown in Figure 5.26, vertices
in positions v + cω k and v + cω k + ω k−3 are inserted in V for each
c = 0, 1, . . . , ξ j while traversing the j-th edge of Gξ∗ . Once this is done,
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index j is removed from Jout , and the two neighboring edges are
inserted in the queue with the following updated values:
Left: ( jL , v + ξ j ω k , u + ω k )
Right: ( jR , v + ξ j ω k + ω k−1 , u + ω k )
Notice that in the left turn the writing head does not change position,
while in the right turn we add ω k−1 to get the correct position.
Figure 5.26: Graph traversal writing
head convention.

ω k+2
v
ωk

···

ω k−2

The value of k in ω k can be deduced from the sign and the remainder modulo 3 of the edge index j, since it indicates its position with
reference to the face, as indicated in Figure 5.21 and Figure 5.28,

k=



10





4




0

6






2




8

if j > 0 & j mod 3 = 1,
if j < 0 & j mod 3 = 1,
if j < 0 & j mod 3 = 2,

jR =

F(r,6)

F(r,4)

if j > 0 & j mod 3 = 0,
r

if j < 0 & j mod 3 = 0.

The neighboring edges jL and jR can also be deduced from j. The
face to which edge j corresponds is given by r = ⌊( j−1)/3⌋ + 1. The
indices of the neighboring edges are given by the face adjacency
matrix F in the following way (Figure 5.27 and Figure 5.28):

jL =

F(r,5)

if j > 0 & j mod 3 = 2,



3(r − 1) + 2





−(3( F(r,6) − 1) + 2)4




3(r − 1) + 3

−(3( F(r,1) − 1) + 3)






−(3( F(r,4) − 1) + 1)




3( F(r,3) − 1) + 1


−(3( F(r,1) − 1) + 3)




3( F(r,6) − 1) + 3




3( F
− 1) + 1
(r,3)


−(3(r − 1) + 1)




3( F

− 1) + 2


 (r,4)

−(3(r − 1) + 2)

if j > 0 & j mod 3 = 1,
if j < 0 & j mod 3 = 1,
if j > 0 & j mod 3 = 2,
if j < 0 & j mod 3 = 2,
if j > 0 & j mod 3 = 0,
if j < 0 & j mod 3 = 0
if j > 0 & j mod 3 = 1,
if j < 0 & j mod 3 = 1,
if j > 0 & j mod 3 = 2,
if j < 0 & j mod 3 = 2,
if j > 0 & j mod 3 = 0,
if j < 0 & j mod 3 = 0

3( F (r, i ) − 1) + e is the e-th edge of the i-th neighbor face of r. With
e ∈ {1, 2, 3}, as shown in Figure 5.21, and i ∈ {1, . . . , 6}, as shown in
Figure 5.27 and Figure 5.28.

1
F(r,1)

0
2

F(r,3)

F(r,2)
j mod 3

Figure 5.27: Positions of neighboring
faces given by matrix F and orientations
of edges given by j mod 3.
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j>0

j
j mod 3 = 1

F(r,1)
jR

r
j mod 3 = 2

F(r,2)

F(r,6)
jR

jL

jL

F(r,2)

F(r,1)

j

jR
F(r,3)

F(r,1)
jL

F(r,4)

r

r
j

jR

jR

F(r,3)

F(r,2)

r

j

jR

jL
j mod 3 = 0

r

jL

j

Figure 5.28: Positions of neighboring
faces given by matrix F, indices of edges
jL , jR , and orientations of edges given
by j mod 3 and its sign.

j<0

r
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F(r,2)

j
F(r,3)
jL

Proper graph traversal can be implemented in many different
ways depending on the topology representation chosen for the dual
graph Gξ∗ . What matters is to traverse all the edges in the graph. To
ensure that the graph traversal visits the edges only once, one hashes
the visited edges in lattice coordinates. Finally, to avoid it growing in
all directions, we only admit the region u ≥ 0 in Λ(1, ω 2 ) coordinates,
which contains the translation lattice of Gξ∗ .
The process has two stopping criteria, the first one is that all the
edges of the graph have been traversed. This guarantees that all the
vertices corresponding to squares and triangles in set E have been
inserted in V. The second criterion is that both translation vectors have
been found. Let T be the translation lattice matrix for Gξ∗ . Each time
u = T1 or u = T2 in lattice coordinates, the corresponding position of
the writing head v is stored as the corresponding translation vector
in TV .
The insertion of the vertices corresponding to the triangles in set
L is achieved by a second pass on the tiling, by analyzing the stars
of the vertices that have been already inserted. We create a hashed
cloud CV with a 3 × 3 copy of V on the translation lattice. Again, we
form a queue, this time with the vertices in V. We take each vertex
in the queue and compute its star over CV . If it has two edges which
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power of ω have a difference greater than 3, we insert vertices in V
every ω 2 until the gap is filled, we update CV . The star of each vertex
is computed on the fly to guarantee it takes into account all inserted
vertices, even the new ones. When the queue is empty, V is a set of
vertices corresponding to a triangle-square tiling.
Then, the full dual-graph tiling generation algorithm consists of two
parts:

1. The dual graph traversal, that inserts the vertices corresponding
to squares and triangles in E : Algorithm 7. The details for the
computation of k, jL and jR are omitted on behalf of clarity.

2. The insertion of vertices corresponding to the triangles in set L,
the ones inside the hexagonal faces of TE ∗ : Algorithm 8.

The tiling formed by the set of vertices V and the translation lattice
TV might have vertices outside the fundamental region and even some
duplicates. We use the normalization process described in Chapter 2
to obtain a proper tiling symbol.
Algorithm 8

Algorithm 7

Dual_traversal(Gξ∗ )

procedure Triangle_dense(V, TV )
procedure
CV ← Hashed_cloud(V, TV )
V ← {[0, 0, 0, 0]}
Q←V
TV ← {}
Jout ← {1, . . . , 3h}
while Q 6= ∅ do
v ← Q.pop()
Q ← {(2, [0, 1, 0, 0], [0, 0])}
for k = 0 to 11 do
while Jout 6= ∅ and | TV | < 2 do
if v + ω k ∈ CV then
( j, v, u) ← Q.pop()
if v + ω k+3 6∈ CV and
if j ∈ Jout and u ≥ 0 then
v + ω k+2 6∈ CV then
for m = 0 to ξ j do
k
V ← v + ω k +2
v ← v+ω
V←v
CV ← v + ω k+2
k
−
3
Q ← v + ω k +2
V ← v+ω
end
end
end
Jout ← Jout r { j}
end
end
end
Q ← ( jL , v, u + ω k )
return V, TV
Q ← ( jR , v + ω k −1 , u + ω k )
end
if u = Ti then
TV ← v
end
end
return V, TV
end
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Examples
We present some triangle-square tilings generated from their hexagonal edge labeled dual graphs on the torus. These concrete cases of
the representation, with their corresponding images, allow us to fully
grasp the generative potential of the strategy we have shown.
1. Let h = 1, the only realizable translation lattice is:
!
1 1
T(1,1) =
0 3
Then Gξ∗ has one face, 2 vertices and 3 edges, as shown in Figure 5.29.
Figure 5.29: G regular graph for h = 1,
edges showing their index.

Let ξ ∈ Z3 be the edge labels. In this particular case, because of
the self adjacency of the only face, matrix G is equal to zero in every
entry, meaning N, its null-space, is the 3 × 3 identity. Thus, ξ is any
combination of non-negative integers.
ξ = (0, 0, 0) T generates the W Archimedean tiling.
ξ = (0, 1, 0) T spans the T Archimedean tiling.
ξ = (1, 1, 0) T results in the U Archimedean tiling.
ξ = (1, 1, 1) T is the P Archimedean tiling, removing – actually, not
inserting – the vertices in the interior of the hexagonal faces.

Figure 5.30: Triangle-square tiling generated by Gξ∗ , with ξ = (0, 0, 0) T .
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Figure 5.31: Triangle-square tiling generated by Gξ∗ , with ξ = (0, 1, 0) T .

Figure 5.32: Triangle-square tiling generated by Gξ∗ , with ξ = (1, 1, 0) T .

Figure 5.33: Triangle-square tiling generated by Gξ∗ , with ξ = (1, 1, 1) T .

Figure 5.34: Triangle-square tiling generated by Gξ∗ , with ξ = (1, 2, 0) T .

The simplest topology of the dual graph (h = 1) and small values
of the labels spans the Archimedean triangle-square tilings. Tilings
get more interesting as h and the variability of the edge labels increase.
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Figure 5.35: Triangle-square tiling generated by Gξ∗ , with ξ = (2, 2, 0) T .

Figure 5.36: Triangle-square tiling generated by Gξ∗ , with ξ = (1, 5, 0) T .

One of the things we can observe from these first examples is
that symmetry from the tilings shows itself in the Gξ∗ edge labeled
dual graph. For example, for h = 1, tilings generated with labels
ξ 1 = (1, 0, 0) T , ξ 2 = (0, 1, 0) T , and ξ 3 = (0, 0, 1) T are rotations of the
same tiling, and this is obvious as the labels can be permuted over
an equivalent topology. Moreover, the rotation symmetry present
in tiling generated by ξ 1 = (1, 1, 1) T can be detected directly in the
labeled dual graph. In this particular case, analyzing symmetry in the
dual graph does not make much of a difference, but as the tilings get
more complex, the computation cost of making a symmetry search
over the dual graph is significantly smaller.
2. Consider the constant labeling ξ = (0, 0, . . . , 0) T , no matter what
the value of h is, we obtain the W Archimedean tiling repeated h times.
This is useful for applying vertex removal, every lattice generates
different tilings containing only triangles and hexagons.
The tiling on Figure 5.37 is obtained taking ξ = (0, 0, . . . , 0) T over
the following translation lattice for h = 8:
!
4 1
T(3,8) =
0 6
The tiling on Figure 5.38 is obtained taking ξ = (1, 1, . . . , 1) T over
the same translation lattice, T(3,8) .
These examples indicate us that some results loose complexity
when the labels show redundant patterns over the dual graph topology. This means, that automatic generated tilings using the edge
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Figure 5.37: Triangle-square tiling generated by Gξ∗ , with ξ = (0, 0, . . . , 0) T .

Figure 5.38: Triangle-square tiling generated by Gξ∗ , with ξ = (1, 1, . . . , 1) T .

labeling of the regular graphs must be tested for minimal translation
lattices in a similar way to acquired tilings in Chapter 3.
3. Finally, we follow up the labeling generated in the example of
the last section, with h = 8 and translation lattice T(3,8) . The tiling in
Figure 5.39 is generated by the labeling shown in Figure 5.25.
Figure 5.39: Triangle-square tiling generated by Gξ∗ , with X(3,8) and hexagonal
graph shown in Figure 5.25.
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It is interesting to see the basic labelings that generated the tiling
b (3,8) , for h = 8. The 11 elements
above, the subset of the Hilbert basis X
considered in the subset are shown in Figure 5.40. We discuss the
geometric interpretation of this basic elements in Section 5.9.

Figure 5.40: Triangle-square tilings for
h = 8, generated by Gξ∗ , with the basic
b (3,8) .
labelings ξ ∈ X
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5.6 Area of labeling generated tilings
Let T be a triangle-square tiling and Gξ∗ its edge labeled dual graph

with labels ξ ∈ Z3h . It is possible to obtain algebraic expressions
relating the labeling on the graph Gξ∗ with the number of squares (a)
and triangles (2b) in the fundamental region of T . Understanding the
relation of the labeling with the area reveals some implications of the
complementary property between the restricted dual tilings and the
labeled dual graphs.
Take a hexagonal face of Gξ∗ with edge labels a, b, c, d, e, f . Remember that edge lengths in TE ∗ are given by the labels, as shown in
Figure 5.41. In the tiling T , this corresponds to a triangulated region
inside a hexagonal face of side lengths given by the labels, as one can
see in Figure 5.18. Since the area of an equilateral triangle of side
√
k is equal to ( 3/4)k2 , we can compute the area of the hexagon by
subtracting the triangles of sides a, c and e from the triangle of side
( a + b + c). Obtaining the following quadratic expression for the area:
√

3/4

d
a
c
b

Figure 5.41: The area of an equiangular, not equilateral hexagon can be computed using the triangle containing it.




( a + b + c )2 − a2 − c2 − e2


√
= 3/4 b2 + 2( ab + ac + bc) − e2
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1 1


1 1
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0 0
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1
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0
0
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0
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0
 c
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d
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Where x = ( a, b, c, d, e, f ) T , and D1 is the 6 × 6 matrix.8
When we sum the areas of all the faces, the quadratic terms cancel
out, since the edge labeled as e in the upper neighbor corresponds to a
b edge in the current face area equation. In our choice of enumeration
of the edges, explained in Section 5.3, we enumerated the lower half
edges of each face with sequential indexes (Figure 5.21). This way,
the matrix for the area of all the triangulated hexagonal faces of the
tiling generated by the labeling has diagonal 3 × 3 blocks of the form:

0 1 1


∆ k = 1 0 1
1 1 0


Which is a circulant matrix with det(∆k ) = 2.
Then, being ξ ∈ Z3h the labels for the hexagonal toroidal graph, the
interior area of the triangulated faces of the corresponding trianglesquare tiling T generated by ξ over Gξ∗ is given by the integral
√
quadratic form ( 3/4)ξ T ∆ξ. Where ∆ is an 3h × 3h integer matrix

8

The same derivation can be made to
the 6 possible orientations of the labeled
hexagon, obtaining matrices Di , for i =
2, . . . , 6 that are circular shifts by i − 1
of D1 . Since they are all equivalent to
measure the area, we keep our canonical
orientation.
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with a 3 × 3 diagonal block for each face, this is:


∆1 0 · · · 0


 0 ∆2 · · · 0 


∆= .
..
..
. .  = ( ∆1 ⊕ ∆2 ⊕ · · · ⊕ ∆ h )
.
.
 ..
.
0
0 · · · ∆h

Where (∆1 ⊕ ∆2 ⊕ · · · ⊕ ∆h ) is a decomposition of the quadratic form
given by ∆, a regular quadratic form [9], since det(∆) = 2h .
This development corresponds to the triangulated area inside the
equiangular hexagonal faces of T generated by the labeling. Additionally, each vertex in the hexagonal graph corresponds to a tri√
angle on the tiling, which adds 2h( 3/4) to the area. At last, we
consider the number of squares, given by the length of the edges,
which corresponds to an area of ξ 1 + ξ 2 + . . . + ξ 3h = 1 T ξ, where
1 T = (1, 1, . . . , 1).
Thus, the total area of the fundamental region of the triangle-square
tiling T generated by labeling ξ over graph Gξ∗ is:
Area =

√

=

√

3/4

3/4





ξ T ∆ξ + 2h +


3h

∑ ξj
j =1

ξ T ∆ξ + 2h + 1 T ξ

We already established in Section 2.4 that the area of the funda√
mental region of a tiling has the form a + b 3/2, and pointed out in
Section 5.1 that for triangle-square tilings, this correspond exactly to
the number of squares and triangles. Then, if ξ is an edge labeling of
√
Gξ∗ dual graph of T , which fundamental region area is a + b 3/2, we
have that:
ξ T ∆ξ + 2h = 2b
1T ξ = a
With this formulas in hand, one could state the problem of finding
√
a tiling with area a + b( 3/2) in the form of an optimization program:
min
s.t.

kξ T ∆ξ + 2h − 2bk + k1 T ξ − ak
Gξ = 0,

ξ≥0
However, this has many solutions and it is not a practical approach.
We are not going to analyze this further.
Example. The labeling shown in Figure 5.25 generates the trianglesquare tiling in Figure 5.39. The area of the fundamental region is
ξ T ∆ξ + 2h = 374 + 16 = 390 triangles and 1 T ξ = 67 squares. The
fundamental region of the tiling generated by this labeling has a total
√
of 67 + 390( 3/4) ≈ 235.9u2 . Observe that most of the area comes
from the triangulated regions of triangles in set L, which grows
rapidly as the label values increment, while the area of the triangles
in set E is fixed in 2h, independent from the value of the labeling.
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5.7 Complementary edge labeled dual graphs
When we started this analysis we chose one of two possible dual
graph orientations, the one for the set E of triangles, however, all the
analysis made so far is analog for L.
Let T be a triangle-square tiling with E and L disjoint sets of
triangle faces in the two orientations. These are also the sets of
vertices of the restricted dual tilings TE ∗ and TL ∗ , respectively. Let
Gξ∗ and Gλ∗ be the labeled dual hexagonal graphs, with labels ξ and λ.
√
Let the area of the fundamental region of T be a + b 3/2.
Since sets E and L are disjoint and contain all the triangles in T ,
we have that |E | + |L| = 2b. Also, the set of vertices in Gξ∗ is the
same as in TE ∗ , then |E | = 2h. Respectively, |L| = 2ℓ, the number of
vertices in Gλ∗ . Clearly, h + ℓ = b, and putting together the geometric
constraints derived in Section 5.4 and the area equations derived in
Section 5.6, we have the following complementary formulation for
the edge labeled dual graphs:
λ T ∆′ λ = 2(b − ℓ)

ξ T ∆ξ = 2(b − h)

1T λ = a

1T ξ = a

G′ λ = 0

Gξ = 0
ξ ≥ 0,

ξ ∈ Z3h

λ ≥ 0,

λ ∈ Z 3ℓ

In the case that L = ∅, we have that ℓ = 0 and h = b, and
the complementary problem is empty, since Gλ∗ is the empty graph.
Moreover, this imposes ξ T ∆ξ = 0, meaning that the labeling must be
flat, in the sense that no hexagonal triangulated regions exist. This is
consistent with the definition given in Section 5.2 for this case: the
tiling contains infinite parallel stripes of triangles and squares. The
same is true when E = ∅ in a symmetric way.
Another case for ℓ = 0 happens when the labeling ξ = 0. Observe
that this implies h = b, but also a = 0. This labeling means that the
edges of TE ∗ cross no squares, it has equilateral hexagons only. Then,
tiling T is the W Archimedean tiling repeated h times over the flat
torus, as illustrated in Figure 5.37. This variety of generated tilings
are useful when applying a vertex removal strategy, which generates
hexagons in distinct positions of the translation lattice.
Each labeling determines both the tiling and the complementary
labeling, since the tiling can be reconstructed from each of them,
and it defines both labelings. Each branch of the complementary
representations in Figure 5.7 completely characterizes a tiling, from
the construction of the restricted dual and the labeled hexagonal
graph back to its generation from the labeling. There is a strong
symmetry of this analysis under a rotation by ω.
Suppose h, ℓ > 0, then
h=

1 T ′
λ ∆ λ,
2

and

ℓ=

1 T
ξ ∆ξ.
2
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Meaning that the number of vertices in the hexagonal dual graph
is a quadratic function of the complementary labeling. In a geometric
sense, increments in the labeling potentially grow the area of triangulated hexagonal regions, in which each triangle is a vertex of
the complementary dual graph. The exception to this simultaneous
growth happens when the labels increment keeping the area constant.
When ℓ = 0 it means the resulting tiling has no triangulated regions,
meaning L = ∅, as it has been shown before.

Complexity of a triangle-square tiling
With these complementary properties in mind, we propose the trianglesquare tiling complexity measure, given by:
4hℓ
(h + ℓ)2
2h
= 2 ξ T ∆ξ
b

ς(T ) =

Which is a symmetric function on h and ℓ = b − h, capturing the
symmetry of the representation of the tiling by both labelings. This is
a real-valued function in [0, 1]. ς(T ) = 0 when the tiling is formed
either by infinite stripes of triangles and squares or by triangles only.
ς(T ) = 1 when h = ℓ, meaning that the tiling has the same number
of triangles in each of the orientations.
The second expression for ς(T ) shows how the complexity relates
to the labeling. If the label values becomes too large, the complexity
of the tiling drops significantly, since the tiling gets overpopulated
with triangles in set L, while h remains constant. The number of
squares grows linearly on the values of the labeling, while the number
of triangles in L increases in a quadratic way. This explains the
asymptotic drop in the complexity measure as the labeling grows
arbitrarily.
The more interesting tilings, the ones with the higher complexity
measure, have a certain equilibrium between the faces in them. These
tilings are those where h ≃ b/2, with relatively small numbers on the
labeling, which keeps the ratio of squares and triangles in a controlled
threshold.
Example. The tiling from Figure 5.39, has a complexity measure of
0.041. The small complexity measure is due to the large triangulated
areas visible in the figure. The tilings in the basis, shown in Figure 5.40
have either complexity measure 0.32 or 0, when they are formed by
infinite stripes.
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5.8 Generating triangle-square tilings
We have shown that, for each h ∈ N, for each i = 1, . . . , ϕ(h), we are
able to generate a translation lattice T(i,h) , a hexagonal tiling topology
F(i,h) , and a Hilbert basis X(i,h) for the set of valid labelings, such that


T (i,h) = span X(i,h)

is a triangle-square tiling space isomorphic to Z m
+ . In fact, the set of
valid labelings is closed under positive integer linear combinations.
The linear combinations of valid labelings can be interpreted as operations on the tilings themselves as long as they belong to the same
generated family T (i,h) .
The examples we have shown before are sufficient to conclude
that there are duplicates in T (i,h) up to isometry, and also across the
different spaces up to lattice reduction. However, even when the basic
tilings of each space show redundancy, we can only filter after the
generation. To filter duplicates in collections of tilings generated in
each family, we can apply the following processes:
1. Find the minimal fundamental region and seeds, as explained in
Section 3.3.
2. Find the symmetry group and classify the tiling in its uniformity
and Archimedean classes, as explained in Section 4.3.
For now, we use the tilings in the form they are generated to better
understand the meaning of the Hilbert base and the behavior of these
tiling spaces. In fact, we do not even need to actually generate the
tilings, since all the information is collected from the labeling without
the need to produce the geometric object.
We generate samples for each space with binary coefficients for the
b (i,h) found with a heuristic approach.9
subset of the Hilbert basis X
This is, we generate all the labelings of the form:
ξ=

m′

j

∑ a j Xb(i,h)

j =1

with a j ∈ {0, 1}, except ξ = 0. For each T (i,h) , with i ∈ {1, ..., ϕ(h)},
′

this generates 2m − 1 tilings. Then, for each value of h, the total
generated tilings is at least ϕ(h)2h+2 − 1. We ran a test set for h =
1, . . . , 20, which corresponds to ϕ(1) + . . . + ϕ(20) = 79 different
families, a total of over 100 million tilings.10 The total number of
tilings generated for each family T (i,h) using binary combinations of
the generators is shown in Table 5.3. If ones desires to include the
trivial labeling ξ = 0, it adds one more tiling in each table entry.
For each valid labeling, which is a generated tiling, we compute
and collect the following data:
• Area coefficients a and b.
• Complexity measure.

9

This method was developed before the
use of Normaliz [14]. Every element
found with it was a proper element of
the Hilbert basis, as we verified before,
using the specialized software. With it,
m′ elements of the Hilbert basis were
b (i,h) , with m′ = h + 2 or
computed: X
′
m = h + 3. The method tested binary
combinations of the columns of matrix
N described in Section 5.4 and stored
the minimal ones that were linearly independent from the others.
10

Using the generators, this was accomplished in a few hours of computation.
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• The vector with the coefficients of the labeling on the generators,
which allows the generation of the tiling on demand.

Area and complexity measure are obtained from the labeling, with
no need to generate the geometric objects. We identify each of these
cases with the corresponding indices of the tiling family (i, h), with
i ∈ {1, ..., ϕ(h)}. We also compute the index ℓ of the complementary
labeling.

h
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20

1
7
15
31
63
127
255
511
1023
2047
4095
8191
16383
32767
65535
131071
262143
524287
1048575
2097151
4194303

2
15
63
63
255
511
1023
2047
4095
8191
16383
32767
65535
131071
262143
524287
1048575
2097151
4194303
8388607

3

i ∈ {1, . . . , ϕ(h)}
4
5

6

7

8

9

127
511

511

2047
4095
8191

2047

2047

8191

8191

32767

32767

32767

32767

32767

131071
262143
524287

131071
262143
524287

131071
262143
524287

524287

524287

2097151

2097151

2097151

2097151

2097151

2097151

8388607

8388607

8388607

8388607

8388607

8388607

32767

8388607
Total

Total
7
30
94
253
382
1788
1534
9211
10237
36859
24574
245752
98302
589819
1179643
3407865
1572862
15728632
6291454
71303159
100502457

Table 5.3: Total number of tilings generated for each family T (i,h) as binary
combinations of the generators.

Tilings were stored in the form of a binary string of size 3g, representing the labeling ξ for the dual hexagonal graph Gξ∗ . This is
enough to recreate and draw the tiling, since we have the translation
matrix T(i,h) , the face adjacency matrix F(i,h) , and the generators set
X(i,h) stored for each pair (i, h). All the generated tilings can be stored
in this compressed format and the geometric object is only created
when it is required, using the algorithms described in Section 5.5. The
data set is publicly available on the thesis website.11
It is important to remember that the tilings in the set can generate
many new exemplars. Any positive linear combination of the coefficients — or the labelings — generates a valid labeling, and thus
another tiling. The challenge at this point is developing a system
that creates the tilings in real time given a vector of non-negative
integer coefficients. This way, one could explore the families on their
coefficient space Z m
+ , at least for the tiling families with lower h.

11

chequesoto.info/thesis.html
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The set of tilings produces tilings with very large areas despite
the coefficients being binary, as one can observe in the histogram
in Figure 5.42. In the figure we also show the distribution of the
complexity measure on the sample set, where we can see a kind of
three-modal distribution. One would probably find the group closer
to 1 more interesting visually. We shall see some examples later.

We can observe some of the behaviors described in Section 5.6 for
the complexity measure in relation with the area in Figure 5.43. The
topology of T (1,17) favors tilings with infinite stripes, where ℓ and
the complexity measure are equal to zero. These tilings form the
group + arranged in a horizontal line in the left of the first plot of
Figure 5.43, since their complexity is zero. As the labeling increments
its values, both area and complexity measure grow at first, and rapidly.
After h = ℓ, where the complexity becomes 1, the complexity decays
asymptotically to zero as the labeling values and the area increase, as
one can observe in the plot on the right of Figure 5.43.

0.4
0.6
0.8
complexity measure

1.0

Figure 5.42: Distributions of area and
complexity measure over the sample set
of tilings.

Figure 5.43: Complexity measure vs.
logarithm of the area scatter plot, for
sample tilings in families T (1,17) and
T (2,17) . Each point is a tiling.
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Figure 5.44: Complexity measure vs.
logarithm of the area vs. h scatter
plot, for sample tilings in families with
h ≤ 17. Colors by i ∈ {1, . . . , ϕ(h)}.
Each point is a tiling.

The described behavior is consistent throughout different values of
h, as we can observe in Figure 5.44. One can see the horizontal groups
in the bottom left, that correspond to the infinite stripes tilings, whose
complexity measure is zero. Also, we can observe the rapid growth
in complexity as ℓ approaches h, and the posterior asymptotic decay
in the complexity as the area grows.
There are many duplicates in the generated set. However, before
eliminating them, a combinatorial vertex removal must be applied.
For example: the labeling of all labels with value 1 could be reduced
to the h = 1 torus, as illustrated in Figure 5.38; but each one of its
faces can be transformed into a dodecagon. The same is the case for
labeling ξ = 0 in each topology (although they are not counted in
the results), hexagons must be created in each possible position in a
sequential fashion before deciding which tilings can be removed as
duplicates. Thus, we cannot eliminate directly on this collection, only
after we have considered the combinatorial vertex elimination to form
the full possibilities of tilings with regular polygons. This collection
will be used to complete Table 1.2 in the future.
Finally, some examples of the tilings in the set are shown in the
following page. Figure 5.45 has a complexity measure close to 1, we
can see the equilibrium between the types of faces. Figure 5.46 for a
larger value of h, grows in area but has a lower complexity measure,
in contrast to Figure 5.47, where a tiling with h = 8 occupies a lot of
area with a big loss of complexity, as one can perceive.
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Figure 5.45: Example of a tiling generated in the sample set, h = 17, i = 2,
complexity measure ∼ 0.99, area of the
fundamental region ∼ 57.6.

Figure 5.46: Example of a tiling generated in the sample set, h = 20, i = 5,
complexity measure ∼ 0.95, area of the
fundamental region ∼ 91.0.

Figure 5.47: Example of a tiling generated in the sample set, h = 8, i = 5,
complexity measure ∼ 0.33, area of the
fundamental region ∼ 120.3.
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5.9 Unfolding the triangle tiling
We have used the edge-labeled hexagonal dual graph Gξ∗ to generate
a triangle-square tiling T . However, we have not yet looked at its
dual. The dual of a hexagonal tiling is a triangular tiling. Then, what
we obtain as the dual of Gξ∗ is a triangular tiling on the same plane
torus with the same edge-labeling, since the edges of the dual have
a direct correspondence with the edges of the primal. We define the
tiling Gξ = (Gξ∗ )∗ as the triangle tiling with labeled edges that can be
interpreted as a folding of tiling T , as we will explain.
If we take one face of Gξ∗ with labels equal to zero in each edge, we
obtain a W type vertex on T , center of Figure 5.49. There are exactly
five minimal local labelings for the edges of a face: three middle
axis unfoldings, and two alternate. These are shown around the zero
labeling on Figure 5.49.
Figure 5.48: Some basic labelings X j ,
from family T83 , with face 1 of Gξ highlighted in green.

Xf3 = (0, 0, 0, 0, 0, 0)T

Xf2 = (1, 0, 0, 1, 0, 0)T

Xf5 = (0, 1, 0, 0, 1, 0)T

Xf7 = (0, 0, 1, 0, 0, 1)T

Xf11 = (1, 0, 0, 1, 0, 0)T

Xf10 = (0, 1, 0, 0, 1, 0)T

Xf6 = (0, 1, 0, 1, 0, 1)T

Xf1 = (1, 0, 1, 0, 1, 0)T

Observe the face with index 1 of the hexagonal tiling under the
the basic labelings from family T (3,8) , this is i = 3 and h = 8, shown
in Figure 5.40. We have highlighted the face of interest in green in
Figure 5.48 to show how it presents the five basic labelings or unfoldings. The basic labelings from Figure 5.49 are present in generators
X 3 , X 2 and X 11 , X 5 and X 10 , X 6 , and X 7 . The paired cases are the
same locally, but, as one can observe in Figure 5.48, they correspond
to different minimal labelings in the general setting.
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Figure 5.49: Each basic labeling X j represents an edge length in TE ∗ and an
unfolding instruction on Tξ . The image
shows examples of the basic elements as
individual unfoldings over the triangle
tiling and the resulting ones when they
are added.

Each basic labeling X j extends the local middle axis unfolding
through the corresponding geodesic in Tξ in a way that it closes
properly around the torus. This is illustrated in Figure 5.50 with X 4
and X 10 , basic labelings of T83 . What appears to be parallel stripes are
actually the same geodesics over the plane tori, going around multiple
times. Alternate unfoldings, generate triangulated hexagonal faces
of the complementary labeling, as it is illustrated in Figure 5.50 with
generators X 1 and X 5 . This kind of unfolding requires a triangle from
set L, which we see unfolding together with the rest of the structure.
As we can see in the set of generators, both the geodesics and the
three-way unfoldings appear on their proper multiplicity, with no
repetitions (Figure 5.40).
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Figure 5.50: The unfolding of basic labeling X j goes around the torus following a
geodesic, or through a hexagonal structure corresponding to a complementary
labeling.

X4

X 10

X1

X5

As we combine the basic labelings to form new tilings, more
complex structures appear. We can think about the operations on the
basic labelings as operations on the tilings themselves. As we have
proved, any positive linear combination of valid labelings generates
a valid labeling. The effect of the addition of a geodesic unfolding
over another tiling is illustrated locally in Figure 5.51. The operation
does not affect the topological elements of Gξ∗ , the triangular faces
in set E , but only the spacing around them. As we have proved, the
labeling increments reflect in the area corresponding to squares and to
triangles in the complementary set L, while h remains constant, and
the vertices in E are the reference positions that allow the unfolding
operations.

Figure 5.51: Example of the unfolding
obtained when two basic elements in
the base are added. The effect is one of
unfolding over a fracture line.
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Let us track a sequence of operations between tilings corresponding
to basic labelings in T (4,6) in Figure 5.52. It is not easy to read how the
tilings combine in the addition operation over the labeling, sometimes.
Even though the structure of one of the unfoldings is easy to perceive,
the result has a complex structure. We have annotated some of
the unfoldings in Figure 5.53 to aid the reader to perceive the way
that the tilings unfoldings weave together. This geometric unfolding
interpretation of the labelings’ algebraic structure has an intrinsic
beauty and has potential uses in physical fabrication of unfolding
structures, even though this is not necessary to apply the algebraic
operations on the tilings for their generation.

The unfolding to which we are referring is properly origami paper
folding. This is illustrated in Figure 5.6 and with more detail in Figure 5.54. Examples of some paper models are included in Figure 5.55.
The creases are in the edges of the tiling in Λ(ω, ω 3 ), which correspond to the triangles in set E , and the valleys are indicated by the
complementary restricted dual TL ∗ . The result of folding over TL ∗ is
the triangle labeled tiling Gξ , which labels indicate the numbers of
foldings under the corresponding edge. The result is symmetric for
the complementary dual, Gλ is obtained by folding over TE ∗ .

Figure 5.52: Examples of operations between tilings corresponding to basic labelings in T (4,6) .
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Figure 5.53: Examples of operations between tilings corresponding to basic labelings in T (4,6) , we highlight the unfoldings at each step.
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Figure 5.54: An origami crease pattern
diagram to obtain Gξ by folding the
tiling over TL ∗ .

Figure 5.55: Origami folding local examples using the complementary restricted
dual.

The algebraic structure offered by the basic labelings and their
interpretation as unfoldings allow us to complete the diagram of
relations of a triangle-square tiling T with its restricted dual TE ∗ , its
edge-labeled hexagonal graph Gξ∗ , and finally, the folded tiling Gξ .
The folded tiling is the proper dual of Gξ∗ , an edge-labeled triangle
tiling, whose labels encode unfolding operations between triangles in
set E that generate tiling T . As it is the case with the restricted dual
and the hexagonal dual graph, Gξ has a complementary folding Gλ , a
triangle tiling with the faces in the set L.

T

unfolding
folding

Gξ

restricted
dual

tiling generation

dual

TE ∗

isomorphism
(edge labeling)

Gξ∗

TL ∗

isomorphism
(edge labeling)

Complementary
representation

Gλ
dual

Gλ∗

Figure 5.56:
Relations between a
triangle-square tiling T , its restricted
dual TE ∗ , the edge-labeled dual hexagonal graph Gξ∗ and the folded triangle
tiling Gξ .
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5.10 Remarks & future work
The full characterization of triangle-square tilings and its algebraic
structure presented here allow us to represent, generate and operate
triangle-square tilings. The challenge to fully understand the tiling
spaces that arise from the edge-labeled dual graph takes us to new
branches of mathematics and will require further study. We enunciate
some direct conclusions from what we have presented, but have not
yet been fully formalized or organized. For each subject presented
we also point out the work that needs no be done in the short and
medium term.

Further understanding the algebraic structure
Complementary tilings. Each tiling in a family T (i,h) has a fixed value ℓ,
by complementary property of the restricted dual we know that
this tiling belongs to some family T (ι,ℓ) . We have yet to develop a
direct method to identify ι ∈ {1, . . . , ϕ(ℓ) from one of the available
representations: T , Tξ or Gξ∗ .

For example, the basic element X 1 of T (3,8) is a tiling in family
T (1,1) with λ = (1, 2, 2) T after a rotation by ω, as it is clear in the
colored version in Figure 5.50. There is no ambiguity here, because
there is only one topology for ℓ = 1. However, as ℓ grows we need to
understand how to identify the corresponding shape of its torus given
by ι ∈ {1, . . . , ϕ(ℓ). This is related with the direct computation of Gλ∗
from a tiling T . We have presented how this relation is understood
but no direct methods for this computation.
The algorithm to obtain Gλ∗ from a given triangle-square tiling T
would be similar to the one we use in Section 5.5. A graph traversal
over restricted dual TL ∗ would register each vertex found, while
a writing head u ∈ Λ(1, ω 2 ) builds the labeled graph. When the
translations are reached on the traversal in TL ∗ the topology for Gλ∗ is
found. Obtaining the complementary labeling for the tilings in our
test set requires the geometric construction of the tilings and their
processing. At that point we will make the reduction and symmetry
processing as well.
Deducing the corresponding topology of the complementary representation would allow us to operate the tiling with elements of this
other family, generating new tilings and possibly obtaining further reductions of the generator sets.12 This shall strengthen our derivation
of the Hilbert basis for the tiling families in Section 5.4, and, possibly,
establish the relations between families T (i,h) and T (ι,ℓ) .
Sub-families. A tiling from a family T (i,h) is contained in families
T ( j,kh) for k ∈ N when the translation lattice T(i,h) is a sub-lattice of
T( j,kh) . For example, in Figure 5.57 the lattice in the left is a sub-lattice
of the one in the right, a tiling generated over it could be generated
in the second setting and then reduced.

12

The compass points towards syzygies
and some other concepts from algebraic
geometry.
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Figure 5.57: Translations lattices for
hexagonal tilings with h = 3 and h = 6,
respectively. The first is a sub-lattice
of the second, a tiling generated over it
could be generated in the second setting
and then reduced.

Clarifying the criteria to identify the tori containing many tiling
families would reduce enumeration efforts in the future. We would
like to clearly identify the relation between some pairs of natural numbers (i, h) and ( I, H ) such that T (i,h) ⊂ T ( I,H ) . This would translate
to some nesting structure of the tiling families, which would reduce
the number of generators and the redundancy in tiling enumeration
strategies.
Another way around this redundancy problem is to avoid periodicity in the edge labeling of Gξ∗ , which is part of the symmetry detection
strategies over the dual hexagonal graph we explain below.

Generating tilings with regular polygons
As we described briefly before, one can directly obtain tilings with
regular polygons from the triangle-square tilings with a vertex removal
strategy. In addition, we have shown that we can compute many
characteristics of a tiling T from the labels in Gξ∗ without actually
producing the geometry of the tiling. This is also the case for detecting
potential dodecagons and hexagons in the tiling.
Figure 5.58: Dodecagon with its restricted dual. It corresponds to a face
with all 6 labels equal to 1 in one orientation, and to a face with all zero labels
surrounded by labels of value at least 1
in the other.

Hexagons appear either as faces with all their labels equal to zero
or inside the triangulated faces of the hexagons in the restricted
dual. While dodecagon faces correspond either to a hexagonal face
labeled with 1 in all its edges, or to a face in which all labels are
zero surrounded by labels with a value of at least 1, as one can see in
Figure 5.58.
This means that one can even impose this kind of restrictions
when generating a labeling to generate tilings containing hexagons or
dodecagons. Moreover, every vertex type can have its restricted dual
structure revealed and detected on the labeling.
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Symmetry detection in edge-labeled dual graphs
There is another feature that can be detected in the edge-labeled
hexagonal dual graph: symmetry. Gξ∗ contains all the information to
recreate the geometry of T , then any symmetry present in the original
tiling must show itself in the edge-labeled hexagonal graph.
However, there are some exceptions: the p4 symmetry groups.
When one rotates the hexagonal tiling by π/2, the result is on the
complementary representation. The same is true for the 45◦ mirror.
To verify if these symmetries exists one must compare the labeled
dual graph with the complementary one. We show a triangle-square
tiling for which this is the case in Figure 5.59. This is yet another
reason to develop the equations and algorithms that allow us to derive
Gλ∗ from Gξ∗ .
Figure 5.59: Example of a trianglesquare tiling with 4-fold symmetry, both
restricted duals are the same under the
π/2 rotation. Tiling number 23 from the
3-uniform Galebach collection.

Applications
We are interested in modeling the foldings of our tilings, and there
are already some references on the matter of mathematical origami
[42, 52]. We belive that our folding tilings might be useful in the
design and fabrication of unfolding physical structures.
Connelly et al. [19] describe a lattice flexing to create triangle and
rhombus tilings from a tiling-square one and use it to create uniform
circle packings. The process is easy to apply on our generated tilings,
hence, this is a natural application of the results presented here.
Chavey [18] has shown the creation of dodecagon dense tilings
from triangle-square tessellations, this is another natural and direct
application of the work presented here.
Kormos [49] developed self-assembly molecules into k-uniform
tilings. His approach considers only triangle-square tilings and the
collection generated might be of interest for this area. Crasto de Lima
et al. [54] study their electronic properties and topological phases,
characterizing quantum spin Hall on them.
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5.11 Related work
The hexagonal tiling13 , and its geometry, is an active research interest
around which there is a large body of literature for varied geometric
problems [48, 92], even for creating conformal tilings for visualization
[84], and for applications in chemistry and materials science [7, 60].
Szucs [85] makes a profound discussion on affine tilings and regular
maps on the flat torus. Here we contribute with the understanding
of all the realizable hexagonal tilings on the graph torus from an
algorithmic point of view. Our use of an edge labeling to represent
triangle-square tilings is a novel application and one of the main
contributions of this thesis, since it offers an algebraic structure for
tilings.
Weyrich 14 proposes a different approach to the generation of
triangle-square tilings: a computer exhaustive search by vertex insertion in Z [ω ]. He has also produced large collections of tilings.
Roth [72] explored tilings of regular squares and triangles where
the number of vertex types has been limited to a subset of all possible vertex types, mapped them to binary necklaces and classified
them. His work is restricted to certain types of tilings appearing in
crystalline structures.
Connelly et al. [19] show the relevance of triangle-square tilings
for the computation of circle packing in the torus. They make a brief
description of the tilings that resembles our representation, but they
do not exploit it further.
Hull [42], Lang [52] and Verrill [88] analyze and model origami
foldings, and combine Archimedean tilings and their duals to create
origami tesselations. However, their foldings are aimed at creating
aesthetically appealing foldings, not the compacting ones we are
trying to model here. Their approach is useful to model the foldings
we are proposing.
Medeiros e Sá et al. [76, 77] used dual inflation strategies over 3D
tilings to create low density structures and void structures for digital
fabrication. Sá et al. [75] also observed the existence of the fracture
lines in the Archimedean meshes, as they call tilings with regular
polygons.
The unfolding proposal resembles Verrill et al. hinged tilings from
origami [88] and Nguyen et al. explorations of convex uniform tilings
in origami [62], that use the dual of Archimedean tilings to create
new tiling patterns. Also, the unfolding interpretation shown in this
chapter offers a formal representation of the fracture lines observed on
Archimedean meshes [75], and resembles fault lines from other tilings
literature and crystallography [35, 49].
While this thesis was being written, Zeller et al. [95] published
a program for displaying and exploring two-dimensional periodic
tilings. Their enumeration is based on the concept of Delaney-Dress
symbols and on the notion of Dress complexity.

13

14

Polyhexes, fullerenes.

Unpublished work, to be included in
a work co-authored by Medeiros e Sá,
de Fiqueiredo and myself.
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Concluding Remarks

Tilings are a thrilling and very aesthetically pleasing subject. However, it is easy to get lost in their infinitude. We have covered a very
long path for the representation of periodic tilings with regular polygons: from the integer-based representation of the tilings for their
acquisition and analysis, we got to the algebraic structure that completely characterizes the triangle-square tilings in topological families.
There is no doubt that new problems will appear in connection to
computer science, branches of mathematics we foresee, and some
others we do not even imagine yet.
We have solved a long-standing problem of characterizing all the
tilings formed by triangles and squares [18, 82]. One of the clear
continuations to this work is the actual completion of the table of
n-uniform k-Archimedean tilings (Table 1.2), by searching further in
the tilings families using higher coefficients for the generators and by
applying the vertex removal strategy in a combinatorial way, followed
by the application of lattice reduction and symmetry classification
algorithms. Even though the process is outlined and has a strong
foundation in this work, many important details need to be worked
out.
Another open challenge is to develop a set of algorithms that
compute the tiling on the fly and present it on the screen using
only the generators’ coefficients and the topological information.
The algorithm described in Section 5.5 needs some improvements to
accomplish that. But this would be the approach that needs the least
amount of data to produce any tiling on screen for a user, since it
does not depend on the proper geometric object. It remains an open
question whether such an algorithm could take advantage of the use
of the unfolding view of the tilings’ generators and their combining
operations.
Some of the supporting results used for deriving the algebraic
structure of triangle-square tilings still require deeper understanding. Number theory is required to explain the behavior of ϕ(h), the
number of plane tori of certain size. The proper computation of
Hilbert bases for the tiling families will require an algebraic geometry
approach. The proper integer decomposition of the matrix with the
geometric constraints of the labeling remains a challenge for developing a specific integer linear algebra solution. These are among the
many other open problems we have mentioned in Section 5.10.
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Besides the direct derivations of this work, there are various applications. We have mentioned some across the thesis, such as circle
packing applications, including the flexing of the lattice, as described
by Connelly [19]; the creation of dense dodecagon tilings from the
triangle-square tilings as proposed by Chavey [18]; and, as reference to works like Kormos’ [49], the development of self-assembly
molecules into k-uniform tilings.
A big question that we will certainly investigate is whether the
approaches to representing the tilings described here have some analogous representations on curved surfaces or even higher dimensions.

Art & design
One of the first prototypes for our tiling web viewer had an interactive
mode, in which one could change the positions of the vertices, and
the change would be applied in the full tiling, examples of drawings produced by this prototype are shown in Figure 6.1. This idea,
together with the possibility of designing curve paths on the edges
constitutes a very interesting application for designers or common
users who might want to design their own tilings from morphing
tilings with regular polygons.
Figure 6.1: Examples of morphed tilings,
produced by changing the position of
some vertices of tilings with regular
polygons.

Kaplan [43] developed a parametric algorithm to create islamic
style designs from tilings with regular polygons, as illustrated in
Figure 6.2. A straightforward application of our collections of tilings
is to implement Hankin’s method as described by Kaplan in his work.
Figure 6.2: Examples of star patterns
constructed using Hankin’s method.
Figure from Kaplan’s work [43].
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Origami folding of tilings represents an interesting approach for
the fabrication of physical folding devices. Many applications are
possible if we combine our tilings foldings with ideas for digital
fabrication in the literature.

Education
The infinite tiling puzzle is the name of the prototype for an interactive
exhibit that has been derived from this work: a large set of laser cut
pieces of the regular polygons that form tilings to create an interactive
environment where the public learns about tilings. Some photos of
the prototype are shown in Figure 6.3. The main idea is to invite
the public to physically manipulate the polygons and discover which
combinations form an Archimedean vertex, verifying Table 1.1 in
their own experience, making sense of the equation that offers those
solutions. Also, a very large catalog of tilings would be available for
the participants to try to reproduce them in a playful challenging
fashion.
Figure 6.3: The infinite puzzle prototype.

The origami folding would have applications in education and communication as well: from prints of the tilings with folding instructions
to discover the properties of the triangle-square tilings to interactive
content showing how the tilings can be added and multiplied by
positive numbers.
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